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boundary layer

Canonical wall-bounded flows
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• Plane Couette flow

• Fully-developed channel flow of high aspect ratio 

• Fully-developed pipe flow 

• Boundary layer, flat plate, zero pressure gradient

• Ekman layers, Taylor-Couette flows, Rayleigh-
Bénard convection, …

• All flows turbulent (high Reynolds number) and 
free of history effects
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Couette flow



boundary layer

Canonical wall-bounded flows
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• Plane CoueJe flow

• Fully-developed channel flow of high aspect raLo 

• Fully-developed pipe flow 

• Boundary layer, flat plate, zero pressure gradient

• Ekman layers, Taylor-CoueJe flows, Rayleigh-Bénard 
convecLon, …

• All flows turbulent (high Reynolds number) and 
free of history effects
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Coue@e flow



w
2h

Internal versus external flows

• Internal flows:
– Non-zero turbulent kinetic energy on centerline
– Time sharing of large structures (Dean & Bradshaw 1976)
– Channel flow: perimeter/area = 1/h (w >> 2h)
– Pipe flow: perimeter/area = 2/R

• External boundary layer flow:
– Laminar freestream
– Intermittency
– Sensitive to tripping condition

2R

Chung et al. (2015)

Corke, Guezennec 
and Nagib (1980)

U∞

Wu & Moin (2008)



Osborne Reynolds’ experiment

Osborne Reynolds
(1842-1916)

Transition to turbulent flow

Munson videos



Why high Reynolds number?

• Most testing is done at low Reynolds number
• Many engineering applications are at high Reynolds number
• Most theories of turbulence only apply at high Reynolds number

www.newairplane.com
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Lab: Re⌧ = 103, 104 Applications: Re⌧ = 104, 106

Windpower Engineering Vestas V112



• Reynolds number cri>cal parameter in laminar to turbulent transi>on
• Turbulence con>nues to evolve with increasing Reynolds number

Turbulent flows and Reynolds number



(turbulence velocity scale)

outer length scaleinner length scale

(Re⌧ = Re+)
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• Reynolds number critical parameter in laminar to turbulent transition
• Turbulence continues to evolve with increasing Reynolds number

Turbulent flows and Reynolds number



Delo, Kelso & Smits (2004) Corke, Guezennec & Nagib (1980)
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• Reynolds number critical parameter in laminar to turbulent transition
• Turbulence continues to evolve with increasing Reynolds number

Turbulent flows and Reynolds number



Inner coordinates Outer coordinates

Mean velocity

Fluctua4ons

Wall distance

The usual scaling

(viscous or inner scaling) (outer scaling)
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• Dimensional analysis: 

Turbulent boundary layer scaling

U = f(y, ⌧w, µ, ⇢, �)
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y
<latexit sha1_base64="gBQy+TdZv0OQDC1Vt3dkgs2e7/s=">AAAB3nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMC5gFJiLOT3mTI7IOZXmEJuXoR8aLgJ/kL/o2TxyWJBQNFVQ3d1X6ipCHX/XU2Nre2d3Zze/n9g8Oj48LJacPEqRZYF7GKdcvnBpWMsE6SFLYSjTz0FTb90cPUb76gNjKOnihLsBvyQSQDKThZqZb1CkW35M7A1om3IEVYoNor/HT6sUhDjEgobkzbcxPqjrkmKRRO8p3UYMLFiA9wPFtvwi6t1GdBrO2LiM3UpRwPjclC3yZDTkOz6k3F/7x2SsFddyyjJCWMxHxQkCpGMZt2ZX2pUZDKLOFCS7shE0OuuSB7kbyt7q0WXSeNcsm7LpVrN8XK/eIIOTiHC7gCD26hAo9QhToIQHiDT/hynp1X5935mEc3nMWfM1iC8/0H3gyIrA==</latexit>

U1
<latexit sha1_base64="lZg2+/WTQ9FnVEQ2DQbTAYag23w=">AAAB5XicbVBdSwJBFL1rX2ZfVo+9DEnQk+yaUI9SLz0atCqoyOw4q4Ozs8vM3WARf0IvEb0U9Hf6C/2bRt0XtQMDh3POcO+5QSKFQdf9dQpb2zu7e8X90sHh0fFJ+fSsZeJUM+6zWMa6E1DDpVDcR4GSdxLNaRRI3g4mD3O//cK1EbF6xizh/YiOlAgFo2iljj/oCRViNihX3Kq7ANkkXk4qkKM5KP/0hjFLI66QSWpM13MT7E+pRsEkn5V6qeEJZRM64tPFljNyZaUhCWNtn0KyUFdyNDImiwKbjCiOzbo3F//zuimGd/2pUEmKXLHloDCVBGMyr0yGQnOGMrOEMi3shoSNqaYM7WFKtrq3XnSTtGpV76Zae6pXGvf5EYpwAZdwDR7cQgMeoQk+MJDwBp/w5YycV+fd+VhGC07+5xxW4Hz/Afv4i7M=</latexit>

U(y)
<latexit sha1_base64="Nisup/fMLV1snadloFSWnoxUHSQ=">AAAB4XicbVBdSwJBFL1rX2ZfVo+9DElgL7KrQT1KvfRo0KqgIrPjrA7OfjBzN1jEH9BLRC8F/aH+Qv+mWd0XtQMDh3POcO+5XiyFRtv+tQpb2zu7e8X90sHh0fFJ+fSsraNEMe6ySEaq61HNpQi5iwIl78aK08CTvONNHzK/88KVFlH4jGnMBwEdh8IXjGImudX0eliu2DV7AbJJnJxUIEdrWP7pjyKWBDxEJqnWPceOcTCjCgWTfF7qJ5rHlE3pmM8WG87JlZFGxI+UeSGShbqSo4HWaeCZZEBxote9TPzP6yXo3w1mIowT5CFbDvITSTAiWV0yEoozlKkhlClhNiRsQhVlaI5SMtWd9aKbpF2vOY1a/emm0rzPj1CEC7iEKjhwC014hBa4wGACb/AJXxazXq1362MZLVj5n3NYgfX9B0OiiXA=</latexit> �

<latexit sha1_base64="Wpnl/T1yR9yq1MPXbQ6nT+ez3Uk=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckIczO9iZjZh/M9Aoh5Au8iHhR8H/8Bf/GyeOSxIKBoqqG7mo/VdKQ6/46uY3Nre2d/G5hb//g8Kh4fNIwSaYF1kWiEt3yuUElY6yTJIWtVCOPfIVNf3g/9ZsvqI1M4icapdiNeD+WoRScrNToBKiI94olt+zOwNaJtyAlWKDWK/50gkRkEcYkFDem7bkpdcdckxQKJ4VOZjDlYsj7OJ7tOGEXVgpYmGj7YmIzdSnHI2NGkW+TEaeBWfWm4n9eO6PwtjuWcZoRxmI+KMwUo4RNC7NAahSkRpZwoaXdkIkB11yQPUvBVvdWi66TRqXsXZUrj9el6t3iCHk4g3O4BA9uoAoPUIM6CHiGN/iELwedV+fd+ZhHc87izykswfn+A3Rniss=</latexit>



• Dimensional analysis: 

• Viscosity important near wall, but not important far from wall (at high Ret)

U = f(y, ⌧w, µ, ⇢, �)
<latexit sha1_base64="mkTC/dH/WpxTrafZVLMmez0WwcQ=">AAAB/XicbVDLSsNAFJ3UV62vqEtBBotQoZTEio+FUHTjsoJpC00Jk+mkHTp5MHOjhFLc+CtuRNwo+Av+gn9j0hah1gMDh3POcO89biS4AsP41nILi0vLK/nVwtr6xuaWvr3TUGEsKbNoKELZcoliggfMAg6CtSLJiO8K1nQH15nfvGdS8TC4gyRiHZ/0Au5xSiCVHH3fusReKSnbQGLnoWz7cdmW/bBsd5kAcuToRaNijIHniTklRTRF3dG/7G5IY58FQAVRqm0aEXSGRAKngo0KdqxYROiA9NhwvP0IH6ZSF3uhTF8AeKzO5IivVOK7adIn0Fd/vUz8z2vH4J13hjyIYmABnQzyYoEhxFkVuMsloyCSlBAqebohpn0iCYW0sML49IsMp7+HzpPGccWsVqq3J8Xa1bSEPNpDB6iETHSGaugG1ZGFKHpCL+gdfWiP2rP2qr1Nojlt+mcXzUD7/AHBQZQQ</latexit>

y
<latexit sha1_base64="gBQy+TdZv0OQDC1Vt3dkgs2e7/s=">AAAB3nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMC5gFJiLOT3mTI7IOZXmEJuXoR8aLgJ/kL/o2TxyWJBQNFVQ3d1X6ipCHX/XU2Nre2d3Zze/n9g8Oj48LJacPEqRZYF7GKdcvnBpWMsE6SFLYSjTz0FTb90cPUb76gNjKOnihLsBvyQSQDKThZqZb1CkW35M7A1om3IEVYoNor/HT6sUhDjEgobkzbcxPqjrkmKRRO8p3UYMLFiA9wPFtvwi6t1GdBrO2LiM3UpRwPjclC3yZDTkOz6k3F/7x2SsFddyyjJCWMxHxQkCpGMZt2ZX2pUZDKLOFCS7shE0OuuSB7kbyt7q0WXSeNcsm7LpVrN8XK/eIIOTiHC7gCD26hAo9QhToIQHiDT/hynp1X5935mEc3nMWfM1iC8/0H3gyIrA==</latexit>

U1
<latexit sha1_base64="lZg2+/WTQ9FnVEQ2DQbTAYag23w=">AAAB5XicbVBdSwJBFL1rX2ZfVo+9DEnQk+yaUI9SLz0atCqoyOw4q4Ozs8vM3WARf0IvEb0U9Hf6C/2bRt0XtQMDh3POcO+5QSKFQdf9dQpb2zu7e8X90sHh0fFJ+fSsZeJUM+6zWMa6E1DDpVDcR4GSdxLNaRRI3g4mD3O//cK1EbF6xizh/YiOlAgFo2iljj/oCRViNihX3Kq7ANkkXk4qkKM5KP/0hjFLI66QSWpM13MT7E+pRsEkn5V6qeEJZRM64tPFljNyZaUhCWNtn0KyUFdyNDImiwKbjCiOzbo3F//zuimGd/2pUEmKXLHloDCVBGMyr0yGQnOGMrOEMi3shoSNqaYM7WFKtrq3XnSTtGpV76Zae6pXGvf5EYpwAZdwDR7cQgMeoQk+MJDwBp/w5YycV+fd+VhGC07+5xxW4Hz/Afv4i7M=</latexit>

U(y)
<latexit sha1_base64="Nisup/fMLV1snadloFSWnoxUHSQ=">AAAB4XicbVBdSwJBFL1rX2ZfVo+9DElgL7KrQT1KvfRo0KqgIrPjrA7OfjBzN1jEH9BLRC8F/aH+Qv+mWd0XtQMDh3POcO+5XiyFRtv+tQpb2zu7e8X90sHh0fFJ+fSsraNEMe6ySEaq61HNpQi5iwIl78aK08CTvONNHzK/88KVFlH4jGnMBwEdh8IXjGImudX0eliu2DV7AbJJnJxUIEdrWP7pjyKWBDxEJqnWPceOcTCjCgWTfF7qJ5rHlE3pmM8WG87JlZFGxI+UeSGShbqSo4HWaeCZZEBxote9TPzP6yXo3w1mIowT5CFbDvITSTAiWV0yEoozlKkhlClhNiRsQhVlaI5SMtWd9aKbpF2vOY1a/emm0rzPj1CEC7iEKjhwC014hBa4wGACb/AJXxazXq1362MZLVj5n3NYgfX9B0OiiXA=</latexit> �

<latexit sha1_base64="Wpnl/T1yR9yq1MPXbQ6nT+ez3Uk=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckIczO9iZjZh/M9Aoh5Au8iHhR8H/8Bf/GyeOSxIKBoqqG7mo/VdKQ6/46uY3Nre2d/G5hb//g8Kh4fNIwSaYF1kWiEt3yuUElY6yTJIWtVCOPfIVNf3g/9ZsvqI1M4icapdiNeD+WoRScrNToBKiI94olt+zOwNaJtyAlWKDWK/50gkRkEcYkFDem7bkpdcdckxQKJ4VOZjDlYsj7OJ7tOGEXVgpYmGj7YmIzdSnHI2NGkW+TEaeBWfWm4n9eO6PwtjuWcZoRxmI+KMwUo4RNC7NAahSkRpZwoaXdkIkB11yQPUvBVvdWi66TRqXsXZUrj9el6t3iCHk4g3O4BA9uoAoPUIM6CHiGN/iELwedV+fd+ZhHc87izykswfn+A3Rniss=</latexit>

Turbulent boundary layer scaling



• Dimensional analysis: 

• Viscosity important near wall, but not important far from wall (at high Ret)

U = f(y, ⌧w, µ, ⇢, �)
<latexit sha1_base64="mkTC/dH/WpxTrafZVLMmez0WwcQ=">AAAB/XicbVDLSsNAFJ3UV62vqEtBBotQoZTEio+FUHTjsoJpC00Jk+mkHTp5MHOjhFLc+CtuRNwo+Av+gn9j0hah1gMDh3POcO89biS4AsP41nILi0vLK/nVwtr6xuaWvr3TUGEsKbNoKELZcoliggfMAg6CtSLJiO8K1nQH15nfvGdS8TC4gyRiHZ/0Au5xSiCVHH3fusReKSnbQGLnoWz7cdmW/bBsd5kAcuToRaNijIHniTklRTRF3dG/7G5IY58FQAVRqm0aEXSGRAKngo0KdqxYROiA9NhwvP0IH6ZSF3uhTF8AeKzO5IivVOK7adIn0Fd/vUz8z2vH4J13hjyIYmABnQzyYoEhxFkVuMsloyCSlBAqebohpn0iCYW0sML49IsMp7+HzpPGccWsVqq3J8Xa1bSEPNpDB6iETHSGaugG1ZGFKHpCL+gdfWiP2rP2qr1Nojlt+mcXzUD7/AHBQZQQ</latexit>

y
<latexit sha1_base64="gBQy+TdZv0OQDC1Vt3dkgs2e7/s=">AAAB3nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMC5gFJiLOT3mTI7IOZXmEJuXoR8aLgJ/kL/o2TxyWJBQNFVQ3d1X6ipCHX/XU2Nre2d3Zze/n9g8Oj48LJacPEqRZYF7GKdcvnBpWMsE6SFLYSjTz0FTb90cPUb76gNjKOnihLsBvyQSQDKThZqZb1CkW35M7A1om3IEVYoNor/HT6sUhDjEgobkzbcxPqjrkmKRRO8p3UYMLFiA9wPFtvwi6t1GdBrO2LiM3UpRwPjclC3yZDTkOz6k3F/7x2SsFddyyjJCWMxHxQkCpGMZt2ZX2pUZDKLOFCS7shE0OuuSB7kbyt7q0WXSeNcsm7LpVrN8XK/eIIOTiHC7gCD26hAo9QhToIQHiDT/hynp1X5935mEc3nMWfM1iC8/0H3gyIrA==</latexit>

U1
<latexit sha1_base64="lZg2+/WTQ9FnVEQ2DQbTAYag23w=">AAAB5XicbVBdSwJBFL1rX2ZfVo+9DEnQk+yaUI9SLz0atCqoyOw4q4Ozs8vM3WARf0IvEb0U9Hf6C/2bRt0XtQMDh3POcO+5QSKFQdf9dQpb2zu7e8X90sHh0fFJ+fSsZeJUM+6zWMa6E1DDpVDcR4GSdxLNaRRI3g4mD3O//cK1EbF6xizh/YiOlAgFo2iljj/oCRViNihX3Kq7ANkkXk4qkKM5KP/0hjFLI66QSWpM13MT7E+pRsEkn5V6qeEJZRM64tPFljNyZaUhCWNtn0KyUFdyNDImiwKbjCiOzbo3F//zuimGd/2pUEmKXLHloDCVBGMyr0yGQnOGMrOEMi3shoSNqaYM7WFKtrq3XnSTtGpV76Zae6pXGvf5EYpwAZdwDR7cQgMeoQk+MJDwBp/w5YycV+fd+VhGC07+5xxW4Hz/Afv4i7M=</latexit>

U(y)
<latexit sha1_base64="Nisup/fMLV1snadloFSWnoxUHSQ=">AAAB4XicbVBdSwJBFL1rX2ZfVo+9DElgL7KrQT1KvfRo0KqgIrPjrA7OfjBzN1jEH9BLRC8F/aH+Qv+mWd0XtQMDh3POcO+5XiyFRtv+tQpb2zu7e8X90sHh0fFJ+fSsraNEMe6ySEaq61HNpQi5iwIl78aK08CTvONNHzK/88KVFlH4jGnMBwEdh8IXjGImudX0eliu2DV7AbJJnJxUIEdrWP7pjyKWBDxEJqnWPceOcTCjCgWTfF7qJ5rHlE3pmM8WG87JlZFGxI+UeSGShbqSo4HWaeCZZEBxote9TPzP6yXo3w1mIowT5CFbDvITSTAiWV0yEoozlKkhlClhNiRsQhVlaI5SMtWd9aKbpF2vOY1a/emm0rzPj1CEC7iEKjhwC014hBa4wGACb/AJXxazXq1362MZLVj5n3NYgfX9B0OiiXA=</latexit> �

<latexit sha1_base64="Wpnl/T1yR9yq1MPXbQ6nT+ez3Uk=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckIczO9iZjZh/M9Aoh5Au8iHhR8H/8Bf/GyeOSxIKBoqqG7mo/VdKQ6/46uY3Nre2d/G5hb//g8Kh4fNIwSaYF1kWiEt3yuUElY6yTJIWtVCOPfIVNf3g/9ZsvqI1M4icapdiNeD+WoRScrNToBKiI94olt+zOwNaJtyAlWKDWK/50gkRkEcYkFDem7bkpdcdckxQKJ4VOZjDlYsj7OJ7tOGEXVgpYmGj7YmIzdSnHI2NGkW+TEaeBWfWm4n9eO6PwtjuWcZoRxmI+KMwUo4RNC7NAahSkRpZwoaXdkIkB11yQPUvBVvdWi66TRqXsXZUrj9el6t3iCHk4g3O4BA9uoAoPUIM6CHiGN/iELwedV+fd+ZhHc87izykswfn+A3Rniss=</latexit>

Inner scaling:
⇣
u⌧ =

p
⌧w/⇢

⌘U

u⌧
= f

⇣yu⌧

⌫

⌘
, or U+ = f(y+)

<latexit sha1_base64="tI7G8fYCpibLGuO0EOv5l8iOxl4="></latexit>

Turbulent boundary layer scaling



• Dimensional analysis: 

• Viscosity important near wall, but not important far from wall (at high Ret)

Outer scaling:

U = f(y, ⌧w, µ, ⇢, �)
<latexit sha1_base64="mkTC/dH/WpxTrafZVLMmez0WwcQ=">AAAB/XicbVDLSsNAFJ3UV62vqEtBBotQoZTEio+FUHTjsoJpC00Jk+mkHTp5MHOjhFLc+CtuRNwo+Av+gn9j0hah1gMDh3POcO89biS4AsP41nILi0vLK/nVwtr6xuaWvr3TUGEsKbNoKELZcoliggfMAg6CtSLJiO8K1nQH15nfvGdS8TC4gyRiHZ/0Au5xSiCVHH3fusReKSnbQGLnoWz7cdmW/bBsd5kAcuToRaNijIHniTklRTRF3dG/7G5IY58FQAVRqm0aEXSGRAKngo0KdqxYROiA9NhwvP0IH6ZSF3uhTF8AeKzO5IivVOK7adIn0Fd/vUz8z2vH4J13hjyIYmABnQzyYoEhxFkVuMsloyCSlBAqebohpn0iCYW0sML49IsMp7+HzpPGccWsVqq3J8Xa1bSEPNpDB6iETHSGaugG1ZGFKHpCL+gdfWiP2rP2qr1Nojlt+mcXzUD7/AHBQZQQ</latexit>

y
<latexit sha1_base64="gBQy+TdZv0OQDC1Vt3dkgs2e7/s=">AAAB3nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMC5gFJiLOT3mTI7IOZXmEJuXoR8aLgJ/kL/o2TxyWJBQNFVQ3d1X6ipCHX/XU2Nre2d3Zze/n9g8Oj48LJacPEqRZYF7GKdcvnBpWMsE6SFLYSjTz0FTb90cPUb76gNjKOnihLsBvyQSQDKThZqZb1CkW35M7A1om3IEVYoNor/HT6sUhDjEgobkzbcxPqjrkmKRRO8p3UYMLFiA9wPFtvwi6t1GdBrO2LiM3UpRwPjclC3yZDTkOz6k3F/7x2SsFddyyjJCWMxHxQkCpGMZt2ZX2pUZDKLOFCS7shE0OuuSB7kbyt7q0WXSeNcsm7LpVrN8XK/eIIOTiHC7gCD26hAo9QhToIQHiDT/hynp1X5935mEc3nMWfM1iC8/0H3gyIrA==</latexit>

U1
<latexit sha1_base64="lZg2+/WTQ9FnVEQ2DQbTAYag23w=">AAAB5XicbVBdSwJBFL1rX2ZfVo+9DEnQk+yaUI9SLz0atCqoyOw4q4Ozs8vM3WARf0IvEb0U9Hf6C/2bRt0XtQMDh3POcO+5QSKFQdf9dQpb2zu7e8X90sHh0fFJ+fSsZeJUM+6zWMa6E1DDpVDcR4GSdxLNaRRI3g4mD3O//cK1EbF6xizh/YiOlAgFo2iljj/oCRViNihX3Kq7ANkkXk4qkKM5KP/0hjFLI66QSWpM13MT7E+pRsEkn5V6qeEJZRM64tPFljNyZaUhCWNtn0KyUFdyNDImiwKbjCiOzbo3F//zuimGd/2pUEmKXLHloDCVBGMyr0yGQnOGMrOEMi3shoSNqaYM7WFKtrq3XnSTtGpV76Zae6pXGvf5EYpwAZdwDR7cQgMeoQk+MJDwBp/w5YycV+fd+VhGC07+5xxW4Hz/Afv4i7M=</latexit>

U(y)
<latexit sha1_base64="Nisup/fMLV1snadloFSWnoxUHSQ=">AAAB4XicbVBdSwJBFL1rX2ZfVo+9DElgL7KrQT1KvfRo0KqgIrPjrA7OfjBzN1jEH9BLRC8F/aH+Qv+mWd0XtQMDh3POcO+5XiyFRtv+tQpb2zu7e8X90sHh0fFJ+fSsraNEMe6ySEaq61HNpQi5iwIl78aK08CTvONNHzK/88KVFlH4jGnMBwEdh8IXjGImudX0eliu2DV7AbJJnJxUIEdrWP7pjyKWBDxEJqnWPceOcTCjCgWTfF7qJ5rHlE3pmM8WG87JlZFGxI+UeSGShbqSo4HWaeCZZEBxote9TPzP6yXo3w1mIowT5CFbDvITSTAiWV0yEoozlKkhlClhNiRsQhVlaI5SMtWd9aKbpF2vOY1a/emm0rzPj1CEC7iEKjhwC014hBa4wGACb/AJXxazXq1362MZLVj5n3NYgfX9B0OiiXA=</latexit> �

<latexit sha1_base64="Wpnl/T1yR9yq1MPXbQ6nT+ez3Uk=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckIczO9iZjZh/M9Aoh5Au8iHhR8H/8Bf/GyeOSxIKBoqqG7mo/VdKQ6/46uY3Nre2d/G5hb//g8Kh4fNIwSaYF1kWiEt3yuUElY6yTJIWtVCOPfIVNf3g/9ZsvqI1M4icapdiNeD+WoRScrNToBKiI94olt+zOwNaJtyAlWKDWK/50gkRkEcYkFDem7bkpdcdckxQKJ4VOZjDlYsj7OJ7tOGEXVgpYmGj7YmIzdSnHI2NGkW+TEaeBWfWm4n9eO6PwtjuWcZoRxmI+KMwUo4RNC7NAahSkRpZwoaXdkIkB11yQPUvBVvdWi66TRqXsXZUrj9el6t3iCHk4g3O4BA9uoAoPUIM6CHiGN/iELwedV+fd+ZhHc87izykswfn+A3Rniss=</latexit>

Inner scaling:
⇣
u⌧ =

p
⌧w/⇢

⌘U

u⌧
= f

⇣yu⌧

⌫

⌘
, or U+ = f(y+)

<latexit sha1_base64="tI7G8fYCpibLGuO0EOv5l8iOxl4="></latexit>

U1 � U

u⌧
= g

⇣y
�

⌘

<latexit sha1_base64="RjCaE3RRZlNtEdO/eCLne4hHgb8="></latexit>

Turbulent boundary layer scaling



• Dimensional analysis: 

• Viscosity important near wall, but not important far from wall (at high Ret)

Outer scaling:

U = f(y, ⌧w, µ, ⇢, �)
<latexit sha1_base64="mkTC/dH/WpxTrafZVLMmez0WwcQ=">AAAB/XicbVDLSsNAFJ3UV62vqEtBBotQoZTEio+FUHTjsoJpC00Jk+mkHTp5MHOjhFLc+CtuRNwo+Av+gn9j0hah1gMDh3POcO89biS4AsP41nILi0vLK/nVwtr6xuaWvr3TUGEsKbNoKELZcoliggfMAg6CtSLJiO8K1nQH15nfvGdS8TC4gyRiHZ/0Au5xSiCVHH3fusReKSnbQGLnoWz7cdmW/bBsd5kAcuToRaNijIHniTklRTRF3dG/7G5IY58FQAVRqm0aEXSGRAKngo0KdqxYROiA9NhwvP0IH6ZSF3uhTF8AeKzO5IivVOK7adIn0Fd/vUz8z2vH4J13hjyIYmABnQzyYoEhxFkVuMsloyCSlBAqebohpn0iCYW0sML49IsMp7+HzpPGccWsVqq3J8Xa1bSEPNpDB6iETHSGaugG1ZGFKHpCL+gdfWiP2rP2qr1Nojlt+mcXzUD7/AHBQZQQ</latexit>

y
<latexit sha1_base64="gBQy+TdZv0OQDC1Vt3dkgs2e7/s=">AAAB3nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMC5gFJiLOT3mTI7IOZXmEJuXoR8aLgJ/kL/o2TxyWJBQNFVQ3d1X6ipCHX/XU2Nre2d3Zze/n9g8Oj48LJacPEqRZYF7GKdcvnBpWMsE6SFLYSjTz0FTb90cPUb76gNjKOnihLsBvyQSQDKThZqZb1CkW35M7A1om3IEVYoNor/HT6sUhDjEgobkzbcxPqjrkmKRRO8p3UYMLFiA9wPFtvwi6t1GdBrO2LiM3UpRwPjclC3yZDTkOz6k3F/7x2SsFddyyjJCWMxHxQkCpGMZt2ZX2pUZDKLOFCS7shE0OuuSB7kbyt7q0WXSeNcsm7LpVrN8XK/eIIOTiHC7gCD26hAo9QhToIQHiDT/hynp1X5935mEc3nMWfM1iC8/0H3gyIrA==</latexit>

U1
<latexit sha1_base64="lZg2+/WTQ9FnVEQ2DQbTAYag23w=">AAAB5XicbVBdSwJBFL1rX2ZfVo+9DEnQk+yaUI9SLz0atCqoyOw4q4Ozs8vM3WARf0IvEb0U9Hf6C/2bRt0XtQMDh3POcO+5QSKFQdf9dQpb2zu7e8X90sHh0fFJ+fSsZeJUM+6zWMa6E1DDpVDcR4GSdxLNaRRI3g4mD3O//cK1EbF6xizh/YiOlAgFo2iljj/oCRViNihX3Kq7ANkkXk4qkKM5KP/0hjFLI66QSWpM13MT7E+pRsEkn5V6qeEJZRM64tPFljNyZaUhCWNtn0KyUFdyNDImiwKbjCiOzbo3F//zuimGd/2pUEmKXLHloDCVBGMyr0yGQnOGMrOEMi3shoSNqaYM7WFKtrq3XnSTtGpV76Zae6pXGvf5EYpwAZdwDR7cQgMeoQk+MJDwBp/w5YycV+fd+VhGC07+5xxW4Hz/Afv4i7M=</latexit>

U(y)
<latexit sha1_base64="Nisup/fMLV1snadloFSWnoxUHSQ=">AAAB4XicbVBdSwJBFL1rX2ZfVo+9DElgL7KrQT1KvfRo0KqgIrPjrA7OfjBzN1jEH9BLRC8F/aH+Qv+mWd0XtQMDh3POcO+5XiyFRtv+tQpb2zu7e8X90sHh0fFJ+fSsraNEMe6ySEaq61HNpQi5iwIl78aK08CTvONNHzK/88KVFlH4jGnMBwEdh8IXjGImudX0eliu2DV7AbJJnJxUIEdrWP7pjyKWBDxEJqnWPceOcTCjCgWTfF7qJ5rHlE3pmM8WG87JlZFGxI+UeSGShbqSo4HWaeCZZEBxote9TPzP6yXo3w1mIowT5CFbDvITSTAiWV0yEoozlKkhlClhNiRsQhVlaI5SMtWd9aKbpF2vOY1a/emm0rzPj1CEC7iEKjhwC014hBa4wGACb/AJXxazXq1362MZLVj5n3NYgfX9B0OiiXA=</latexit> �

<latexit sha1_base64="Wpnl/T1yR9yq1MPXbQ6nT+ez3Uk=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckIczO9iZjZh/M9Aoh5Au8iHhR8H/8Bf/GyeOSxIKBoqqG7mo/VdKQ6/46uY3Nre2d/G5hb//g8Kh4fNIwSaYF1kWiEt3yuUElY6yTJIWtVCOPfIVNf3g/9ZsvqI1M4icapdiNeD+WoRScrNToBKiI94olt+zOwNaJtyAlWKDWK/50gkRkEcYkFDem7bkpdcdckxQKJ4VOZjDlYsj7OJ7tOGEXVgpYmGj7YmIzdSnHI2NGkW+TEaeBWfWm4n9eO6PwtjuWcZoRxmI+KMwUo4RNC7NAahSkRpZwoaXdkIkB11yQPUvBVvdWi66TRqXsXZUrj9el6t3iCHk4g3O4BA9uoAoPUIM6CHiGN/iELwedV+fd+ZhHc87izykswfn+A3Rniss=</latexit>

Inner scaling:

U1 � U

u⌧
= g

⇣y
�

⌘

<latexit sha1_base64="RjCaE3RRZlNtEdO/eCLne4hHgb8="></latexit>

<latexit sha1_base64="UlrNK8wfVUn5nDSdcJJ36Vyvb5Q=">AAAB6nicbVDLSgMxFL3js9ZX1aWbYBEqhTIjvjZC0Y3LCk5baKclk2ba0ExmTDLCUPoTbkTcKPgx/oJ/Y9rOpq0HAodzTrj3XD/mTGnb/rVWVtfWNzZzW/ntnd29/cLBYV1FiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGP7yf+I0XKhWLxJNOY+qFuC9YwAjWRvLcThndoqCE0k75rFso2hV7CrRMnIwUIUOtW/hp9yKShFRowrFSLceOtTfCUjPC6TjfThSNMRniPh1NVx2jUyP1UBBJ84RGU3Uuh0Ol0tA3yRDrgVr0JuJ/XivRwY03YiJONBVkNihIONIRmvRGPSYp0Tw1BBPJzIaIDLDERJvr5E11Z7HoMqmfV5yryuXjRbF6lx0hB8dwAiVw4Bqq8AA1cIHAM7zBJ3xZ3Hq13q2PWXTFyv4cwRys7z+2zIvl</latexit>

U+ = f(y+)
Match 

gradients in 
overlap region 

at high Ret <latexit sha1_base64="XE3hn5ivNY+27sCbD2beRuZ+74Q=">AAACAXicbVDLSgMxAMz6rPW16tFLaBGEQtkVXxeh1IvHCm5b6NaSTbNtaDYbkqywLD158Ve8iHhR8Af8Bf/GtN1LWwcCw8yEZCYQjCrtOL/Wyura+sZmYau4vbO7t28fHDZVnEhMPByzWLYDpAijnHiaakbaQhIUBYy0gtHtxG89EalozB90Kkg3QgNOQ4qRNlLPLnmPFXgD/VAinLnjzB8hIdAY+ozD1FgVWO/ZZafqTAGXiZuTMsjR6Nk/fj/GSUS4xgwp1XEdobsZkppiRsZFP1FEIDxCA5JNG4zhiZH6MIylOVzDqTqXQ5FSaRSYZIT0UC16E/E/r5Po8LqbUS4STTiePRQmDOoYTuaAfSoJ1iw1BGFJzQ8hHiIzhjajFU11d7HoMmmeVd3L6sX9eblWz0cogGNQAqfABVegBu5AA3gAgxfwBj7Bl/VsvVrv1scsumLld47AHKzvP2e0lLY=</latexit>

U+ =
1


ln y+ +B

Turbulent boundary layer scaling



Experiments and computations

HRNBLWT at Melbourne 

Air at pressures up to 200 bar

Princeton Superpipe:
HRTF:

Channel flow DNS
Hoyas & Jimenez (2003)
Lee & Moser (2015)

Ivan Marusic

Javier Jimenez Robert Moser



Princeton high Reynolds number faciliCes

Working fluid is air at pressures up to 200 bar



Superpipe

103  Re⌧  5⇥ 105
31⇥ 103  ReD  35⇥ 106



With atmospheric air at 30m/s, 
pipe = 3200 m long, 1.6 m diameter

103  Re⌧  5⇥ 105
31⇥ 103  ReD  35⇥ 106

Superpipe



High Reynolds number test facility (HRTF)

2600  Re⌧  72, 500
8400  Re✓  235, 000



With atmospheric air at 10m/s, 
working sec>on = 800 m long, 80 m dia.

2600  Re⌧  72, 500
8400  Re✓  235, 000

High Reynolds number test facility (HRTF)



Mean velocity: channel flow DNS Ret = 180 - 5200

Data from Lee & Moser (2015)

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
<latexit sha1_base64="MJmDKkYng+d2XE2p/WK4BHjnT9I=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkUQhDIjvpZFNy4r2ge0tWTSTBuaeZDcEYbSvRsRNwp+kb/g35i2s2nrgcDhnBPuPdeLlTToOL8kt7K6tr6R3yxsbe/s7hX3D+omSjQXNR6pSDc9ZoSSoaihRCWasRYs8JRoeMO7id94EdrIKHzCNBadgPVD6UvO0EqP6fNZt1hyys4UdJm4GSlBhmq3+NPuRTwJRIhcMWNarhNjZ8Q0Sq7EuNBOjIgZH7K+GE0XHNMTK/WoH2n7QqRTdS7HAmPSwLPJgOHALHoT8T+vlaB/0xnJME5QhHw2yE8UxYhO2tKe1IKjSi1hXEu7IeUDphlHe5OCre4uFl0m9fOye1W+fLgoVW6zI+ThCI7hFFy4hgrcQxVqwKEPb/AJX8Qjr+SdfMyiOZL9OYQ5kO8/9V2JTw==</latexit>
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<latexit sha1_base64="n3SZPKqhQ6uJ+jeeJq6tLPI3Qc4=">AAAB+nicbVDLSsNAFJ3UV62vqMtuBovgqiTia1l047KCaQtNCZPppB06yYR5CCVm4a+4EXGj4Ef4C/6Nkzabth4YOJxzZubeE6aMSuU4v1ZlbX1jc6u6XdvZ3ds/sA+POpJrgYmHOeOiFyJJGE2Ip6hipJcKguKQkW44uSv87hMRkvLkUU1TMojRKKERxUgZKbDrfiQQznxuQsUbmZfnmQ58hXQe2A2n6cwAV4lbkgYo0Q7sH3/IsY5JojBDUvZdJ1WDDAlFMSN5zdeSpAhP0Ihks9FzeGqkIYy4MCdRcKYu5FAs5TQOTTJGaiyXvUL8z+trFd0MMpqkWpEEzz+KNIOKw6IHOKSCYMWmhiAsqJkQ4jEyXSjTVs2s7i4vuko65033qnn5cNFo3ZYlVEEdnIAz4IJr0AL3oA08gMELeAOf4Mt6tl6td+tjHq1Y5Z1jsADr+w/bN5Td</latexit>

U

u⌧

<latexit sha1_base64="L6nQTd6qFoza11hXU82wzw8lK3M=">AAAB+nicbVDLSgMxFL1TX7W+Rl12EyyCqzIjvpbFbly4qOC0hU4ZMmmmDc08SDJCGWfhr7gRcaPgR/gL/o2Ztpu2HggczjlJ7j1+wplUlvVrlNbWNza3ytuVnd29/QPz8Kgt41QQ6pCYx6LrY0k5i6ijmOK0mwiKQ5/Tjj9uFn7niQrJ4uhRTRLaD/EwYgEjWGnJM6tuIDDJ3FiHijcyJ88zx8ua93numTWrbk2BVok9JzWYo+WZP+4gJmlII0U4lrJnW4nqZ1goRjjNK24qaYLJGA9pNh09R6daGqAgFvpECk3VhRwOpZyEvk6GWI3ksleI/3m9VAU3/YxFSapoRGYfBSlHKkZFD2jABCWKTzTBRDA9ISIjrLtQuq2KXt1eXnSVtM/r9lX98uGi1ridl1CGKpzAGdhwDQ24gxY4QOAF3uATvoxn49V4Nz5m0ZIxv3MMCzC+/wB9OJSe</latexit>

U

UCL

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

“Engineering” scaling “Inner” similarity scaling



<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
<latexit sha1_base64="MJmDKkYng+d2XE2p/WK4BHjnT9I=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkUQhDIjvpZFNy4r2ge0tWTSTBuaeZDcEYbSvRsRNwp+kb/g35i2s2nrgcDhnBPuPdeLlTToOL8kt7K6tr6R3yxsbe/s7hX3D+omSjQXNR6pSDc9ZoSSoaihRCWasRYs8JRoeMO7id94EdrIKHzCNBadgPVD6UvO0EqP6fNZt1hyys4UdJm4GSlBhmq3+NPuRTwJRIhcMWNarhNjZ8Q0Sq7EuNBOjIgZH7K+GE0XHNMTK/WoH2n7QqRTdS7HAmPSwLPJgOHALHoT8T+vlaB/0xnJME5QhHw2yE8UxYhO2tKe1IKjSi1hXEu7IeUDphlHe5OCre4uFl0m9fOye1W+fLgoVW6zI+ThCI7hFFy4hgrcQxVqwKEPb/AJX8Qjr+SdfMyiOZL9OYQ5kO8/9V2JTw==</latexit>
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<latexit sha1_base64="n3SZPKqhQ6uJ+jeeJq6tLPI3Qc4=">AAAB+nicbVDLSsNAFJ3UV62vqMtuBovgqiTia1l047KCaQtNCZPppB06yYR5CCVm4a+4EXGj4Ef4C/6Nkzabth4YOJxzZubeE6aMSuU4v1ZlbX1jc6u6XdvZ3ds/sA+POpJrgYmHOeOiFyJJGE2Ip6hipJcKguKQkW44uSv87hMRkvLkUU1TMojRKKERxUgZKbDrfiQQznxuQsUbmZfnmQ58hXQe2A2n6cwAV4lbkgYo0Q7sH3/IsY5JojBDUvZdJ1WDDAlFMSN5zdeSpAhP0Ihks9FzeGqkIYy4MCdRcKYu5FAs5TQOTTJGaiyXvUL8z+trFd0MMpqkWpEEzz+KNIOKw6IHOKSCYMWmhiAsqJkQ4jEyXSjTVs2s7i4vuko65033qnn5cNFo3ZYlVEEdnIAz4IJr0AL3oA08gMELeAOf4Mt6tl6td+tjHq1Y5Z1jsADr+w/bN5Td</latexit>

U

u⌧

<latexit sha1_base64="L6nQTd6qFoza11hXU82wzw8lK3M=">AAAB+nicbVDLSgMxFL1TX7W+Rl12EyyCqzIjvpbFbly4qOC0hU4ZMmmmDc08SDJCGWfhr7gRcaPgR/gL/o2Ztpu2HggczjlJ7j1+wplUlvVrlNbWNza3ytuVnd29/QPz8Kgt41QQ6pCYx6LrY0k5i6ijmOK0mwiKQ5/Tjj9uFn7niQrJ4uhRTRLaD/EwYgEjWGnJM6tuIDDJ3FiHijcyJ88zx8ua93numTWrbk2BVok9JzWYo+WZP+4gJmlII0U4lrJnW4nqZ1goRjjNK24qaYLJGA9pNh09R6daGqAgFvpECk3VhRwOpZyEvk6GWI3ksleI/3m9VAU3/YxFSapoRGYfBSlHKkZFD2jABCWKTzTBRDA9ISIjrLtQuq2KXt1eXnSVtM/r9lX98uGi1ridl1CGKpzAGdhwDQ24gxY4QOAF3uATvoxn49V4Nz5m0ZIxv3MMCzC+/wB9OJSe</latexit>

U

UCL

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

“Engineering” scaling

Looks like a log law

“Inner” similarity scaling

Data from Lee & Moser (2015)

Mean velocity: channel flow DNS Ret = 180 - 5200



<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0 0.2 0.4 0.6 0.8 1.0

<latexit sha1_base64="L6nQTd6qFoza11hXU82wzw8lK3M=">AAAB+nicbVDLSgMxFL1TX7W+Rl12EyyCqzIjvpbFbly4qOC0hU4ZMmmmDc08SDJCGWfhr7gRcaPgR/gL/o2Ztpu2HggczjlJ7j1+wplUlvVrlNbWNza3ytuVnd29/QPz8Kgt41QQ6pCYx6LrY0k5i6ijmOK0mwiKQ5/Tjj9uFn7niQrJ4uhRTRLaD/EwYgEjWGnJM6tuIDDJ3FiHijcyJ88zx8ua93numTWrbk2BVok9JzWYo+WZP+4gJmlII0U4lrJnW4nqZ1goRjjNK24qaYLJGA9pNh09R6daGqAgFvpECk3VhRwOpZyEvk6GWI3ksleI/3m9VAU3/YxFSapoRGYfBSlHKkZFD2jABCWKTzTBRDA9ISIjrLtQuq2KXt1eXnSVtM/r9lX98uGi1ridl1CGKpzAGdhwDQ24gxY4QOAF3uATvoxn49V4Nz5m0ZIxv3MMCzC+/wB9OJSe</latexit>

U

UCL

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧
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<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�

<latexit sha1_base64="N9O37xGJi/xvlZzbDJESLZJ/qS4=">AAACAXicbVDLSsNAFJ34rPUVdelmaBHcWBLxtSx248JFBdMWmhIm00k7dJIJ8xBKyMqNv+JGxI2CP+Av+DdO2m7aemHgcM6ZO3NOmDIqleP8Wiura+sbm6Wt8vbO7t6+fXDYklwLTDzMGRedEEnCaEI8RRUjnVQQFIeMtMNRo9DbT0RIypNHNU5JL0aDhEYUI2WowK74kUA484KscZ+f+dx4i1WZl+eZDnyFdB7YVafmTAYuA3cGqmA2zcD+8fsc65gkCjMkZdd1UtXLkFAUM5KXfS1JivAIDUg2SZDDE0P1YcSFOYmCE3bOh2Ipx3FonDFSQ7moFeR/Wler6KaX0STViiR4+lCkGVQcFnXAPhUEKzY2AGFBzQ8hHiJTiTKllU10dzHoMmid19yr2uXDRbV+OyuhBI5BBZwCF1yDOrgDTeABDF7AG/gEX9az9Wq9Wx9T64o1u3ME5sb6/gO4x5eL</latexit>

UCL � U

u⌧

“Engineering” scaling “Outer” similarity scaling

Data from Lee & Moser (2015)

Mean velocity: channel flow DNS Ret = 180 - 5200



<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0 0.2 0.4 0.6 0.8 1.0

<latexit sha1_base64="L6nQTd6qFoza11hXU82wzw8lK3M=">AAAB+nicbVDLSgMxFL1TX7W+Rl12EyyCqzIjvpbFbly4qOC0hU4ZMmmmDc08SDJCGWfhr7gRcaPgR/gL/o2Ztpu2HggczjlJ7j1+wplUlvVrlNbWNza3ytuVnd29/QPz8Kgt41QQ6pCYx6LrY0k5i6ijmOK0mwiKQ5/Tjj9uFn7niQrJ4uhRTRLaD/EwYgEjWGnJM6tuIDDJ3FiHijcyJ88zx8ua93numTWrbk2BVok9JzWYo+WZP+4gJmlII0U4lrJnW4nqZ1goRjjNK24qaYLJGA9pNh09R6daGqAgFvpECk3VhRwOpZyEvk6GWI3ksleI/3m9VAU3/YxFSapoRGYfBSlHKkZFD2jABCWKTzTBRDA9ISIjrLtQuq2KXt1eXnSVtM/r9lX98uGi1ridl1CGKpzAGdhwDQ24gxY4QOAF3uATvoxn49V4Nz5m0ZIxv3MMCzC+/wB9OJSe</latexit>

U

UCL

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧
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<latexit sha1_base64="9149ItRSz66y8T6gDCV8rd9vxRE=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkVwVWbER5dFNy4r2ge0pWTSTBuamQzJHaGU7t2IuFHwi/wF/8a0nU2rBwKHc06499wgUdKi5/2Q3Nr6xuZWfruws7u3f1A8PGpYnRou6lwrbVoBs0LJWNRRohKtxAgWBUo0g9HdzG8+C2Oljp9wnIhuxAaxDCVn6KRHv+L1iiWv7M1B/xI/IyXIUOsVvzt9zdNIxMgVs7btewl2J8yg5EpMC53UioTxERuIyXzBKT1zUp+G2rgXI52rSzkWWTuOApeMGA7tqjcT//PaKYaV7kTGSYoi5otBYaooajprS/vSCI5q7AjjRroNKR8ywzi6mxRcdX+16F/SuCj71+Wrh8tS9TY7Qh5O4BTOwYcbqMI91KAOHAbwCh/wSQLyQt7I+yKaI9mfY1gC+foFWZ2I5g==</latexit>

180

<latexit sha1_base64="x8jRoKlQJuScvzbkZ1gxI/BeboE=">AAAB4XicbVDLSgMxFL2pr1pfVZdugkVwVTLFVpdFNy4r2Ae0pWTSTBuaeZDcEUrpB7gRcaPgD/kL/o0z7WzaeiBwOOeEe891I60sMvZLclvbO7t7+f3CweHR8Unx9Kxlw9gI2RShDk3H5VZqFcgmKtSyExnJfVfLtjt5SP32izRWhcEzTiPZ9/koUJ4SHFOpWmFsUCyxMluAbhInIyXI0BgUf3rDUMS+DFBobm3XYRH2Z9ygElrOC73YyoiLCR/J2WLDOb1KpCH1QpO8AOlCXclx39qp7yZJn+PYrnup+J/XjdG7689UEMUoA7Ec5MWaYkjTunSojBSopwnhwqhkQyrG3HCByVEKSXVnvegmaVXKTq1cfbop1e+zI+ThAi7hGhy4hTo8QgOaIGAMb/AJX0SQV/JOPpbRHMn+nMMKyPcfwwCJHg==</latexit>

5200

<latexit sha1_base64="qaAmgNyFQ2fPUVCem3sxpGOrn5o=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gFJCLOT3mTI7IOZXiGE/IEXES8Kfo+/4N84SfaSxIKBoqqG7mo/UdKQ6/46ubX1jc2t/HZhZ3dv/6B4eFQ3caoF1kSsYt30uUElI6yRJIXNRCMPfYUNf3g/9RsvqI2Mo2caJdgJeT+SgRScrNR4wm6beNotltyyOwNbJV5GSpCh2i3+tHuxSEOMSChuTMtzE+qMuSYpFE4K7dRgwsWQ93E8W3LCzqzUY0Gs7YuIzdSFHA+NGYW+TYacBmbZm4r/ea2UgtvOWEZJShiJ+aAgVYxiNm3MelKjIDWyhAst7YZMDLjmguxdCra6t1x0ldQvyt51+erxslS5y46QhxM4hXPw4AYq8ABVqIGAIbzBJ3w5gfPqvDsf82jOyf4cwwKc7z8cL4sx</latexit>

Re⌧

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�

<latexit sha1_base64="N9O37xGJi/xvlZzbDJESLZJ/qS4=">AAACAXicbVDLSsNAFJ34rPUVdelmaBHcWBLxtSx248JFBdMWmhIm00k7dJIJ8xBKyMqNv+JGxI2CP+Av+DdO2m7aemHgcM6ZO3NOmDIqleP8Wiura+sbm6Wt8vbO7t6+fXDYklwLTDzMGRedEEnCaEI8RRUjnVQQFIeMtMNRo9DbT0RIypNHNU5JL0aDhEYUI2WowK74kUA484KscZ+f+dx4i1WZl+eZDnyFdB7YVafmTAYuA3cGqmA2zcD+8fsc65gkCjMkZdd1UtXLkFAUM5KXfS1JivAIDUg2SZDDE0P1YcSFOYmCE3bOh2Ipx3FonDFSQ7moFeR/Wler6KaX0STViiR4+lCkGVQcFnXAPhUEKzY2AGFBzQ8hHiJTiTKllU10dzHoMmid19yr2uXDRbV+OyuhBI5BBZwCF1yDOrgDTeABDF7AG/gEX9az9Wq9Wx9T64o1u3ME5sb6/gO4x5eL</latexit>

UCL � U

u⌧

“Engineering” scaling

Looks like a log law

“Outer” similarity scaling

Data from Lee & Moser (2015)

Mean velocity: channel flow DNS Ret = 180 - 5200



Inner scaling revisited at high Reynolds number

• Log-law was derived by matching gradients of 
velocity in the overlap region

• However, if we match velocity gradients and 
magnitudes in the overlap region, a power law can be 
derived:

<latexit sha1_base64="pc6tnWC9FS7OJbrKBPlLNfzt7eo=">AAACCnicbVBNS8NAEN3Ur1q/qh69RIsgFMKmtOpFKHrxWMG0hTYtm+2mXbrZhN2NUELOXvwrXjwo4tVf4M1/47bNQVsfDDzem2FmnhcxKhWE30ZuZXVtfSO/Wdja3tndK+4fNGUYC0wcHLJQtD0kCaOcOIoqRtqRICjwGGl545up33ogQtKQ36tJRNwADTn1KUZKS/3isdMrX3V9gXBipwm0qhU77TKeTHrltFyzzmGhXyxBC85gLhM7IyWQodEvfnUHIY4DwhVmSMqODSPlJkgoihlJC91YkgjhMRqSjqYcBUS6yeyV1DzVysD0Q6GLK3Om/p5IUCDlJPB0Z4DUSC56U/E/rxMr/9JNKI9iRTieL/JjZqrQnOZiDqggWLGJJggLqm818QjpXJRObxqCvfjyMmlWLLtmwbtqqX6dxZEHR+AEnAEbXIA6uAUN4AAMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/AKm3mFA=</latexit>

U+ =
1

0.421
ln y+ + 5.60<latexit sha1_base64="yZQOp8Eup2wB3ecGM0/ZR1PBE6Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKoWQlEq7EYpuXFawD2jTMplO2qGTSZiZCCF24a+4caGIW3/DnX9j0mahrQcuHM65l3vvcQJGpTLNby23tr6xuZXfLuzs7u0f6IdHbemHApMW9pkvug6ShFFOWooqRrqBIMhzGOk405vU7zwQIanP71UUENtDY05dipFKpKF+0hqUr+pGtVaKBuWLQWwaVrUyKwz1ommYc8BVYmWkCDI0h/pXf+Tj0CNcYYak7FlmoOwYCUUxI7NCP5QkQHiKxqSXUI48Iu14fv8MnifKCLq+SIorOFd/T8TIkzLynKTTQ2oil71U/M/rhcqt2zHlQagIx4tFbsig8mEaBhxRQbBiUUIQFjS5FeIJEgirJLI0BGv55VXSrhjWpWHeVYuN6yyOPDgFZ6AELFADDXALmqAFMHgEz+AVvGlP2ov2rn0sWnNaNnMM/kD7/AFjeJMf</latexit>

U+ = 8.47(y+)0.142

Zagarola & Smits (1998)
McKeon, Li, Jiang, Morrison & Smits (2004)

Bailey, Vallikivi, Hultmark & Smits (2014) 

<latexit sha1_base64="Wn0l8Th1CVMeYGj5NHWt6MyNJwI=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIjvjZCsRuXFewDOm3JpJlpaDIzJHeEMvQD3Pgrblwo4tYPcOffmD4W2nogcDjnXG7u8WLBNdj2t5VZWl5ZXcuu5zY2t7Z38rt7dR0lirIajUSkmh7RTPCQ1YCDYM1YMSI9wRreoDL2Gw9MaR6F9zCMWVuSIOQ+pwSM1M0Xap0TfI0rXQe7gvlQxEMjuIoHfTjuuAGRkpiUXbInwIvEmZECmqHazX+5vYgmkoVABdG65dgxtFOigFPBRjk30SwmdEAC1jI0JJLpdjo5ZoSPjNLDfqTMCwFP1N8TKZFaD6VnkpJAX897Y/E/r5WAf9VOeRgnwEI6XeQnAkOEx83gHleMghgaQqji5q+Y9okiFEx/OVOCM3/yIqmflpyL0vndWaF8M6sjiw7QISoiB12iMrpFVVRDFD2iZ/SK3qwn68V6tz6m0Yw1m9lHf2B9/gAgapky</latexit>

U+ = C1

�
y+

��

Beverley McKeon Mark Zagarola Margit Vallikivi



• Log-law was derived by matching gradients of 
velocity in the overlap region

• However, if we match velocity gradients and 
magnitudes in the overlap region, a power law can be 
derived:

• Experiments reveal that a power law joins the viscous 
sublayer to the log-law

• The log-law begins at y+ = 600
• It ends at y/d = 0.12
• Log-law only appears for Ret > 10,000 (one octave), 

or 50,000 (one decade)

<latexit sha1_base64="pc6tnWC9FS7OJbrKBPlLNfzt7eo=">AAACCnicbVBNS8NAEN3Ur1q/qh69RIsgFMKmtOpFKHrxWMG0hTYtm+2mXbrZhN2NUELOXvwrXjwo4tVf4M1/47bNQVsfDDzem2FmnhcxKhWE30ZuZXVtfSO/Wdja3tndK+4fNGUYC0wcHLJQtD0kCaOcOIoqRtqRICjwGGl545up33ogQtKQ36tJRNwADTn1KUZKS/3isdMrX3V9gXBipwm0qhU77TKeTHrltFyzzmGhXyxBC85gLhM7IyWQodEvfnUHIY4DwhVmSMqODSPlJkgoihlJC91YkgjhMRqSjqYcBUS6yeyV1DzVysD0Q6GLK3Om/p5IUCDlJPB0Z4DUSC56U/E/rxMr/9JNKI9iRTieL/JjZqrQnOZiDqggWLGJJggLqm818QjpXJRObxqCvfjyMmlWLLtmwbtqqX6dxZEHR+AEnAEbXIA6uAUN4AAMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/AKm3mFA=</latexit>

U+ =
1

0.421
ln y+ + 5.60<latexit sha1_base64="yZQOp8Eup2wB3ecGM0/ZR1PBE6Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKoWQlEq7EYpuXFawD2jTMplO2qGTSZiZCCF24a+4caGIW3/DnX9j0mahrQcuHM65l3vvcQJGpTLNby23tr6xuZXfLuzs7u0f6IdHbemHApMW9pkvug6ShFFOWooqRrqBIMhzGOk405vU7zwQIanP71UUENtDY05dipFKpKF+0hqUr+pGtVaKBuWLQWwaVrUyKwz1ommYc8BVYmWkCDI0h/pXf+Tj0CNcYYak7FlmoOwYCUUxI7NCP5QkQHiKxqSXUI48Iu14fv8MnifKCLq+SIorOFd/T8TIkzLynKTTQ2oil71U/M/rhcqt2zHlQagIx4tFbsig8mEaBhxRQbBiUUIQFjS5FeIJEgirJLI0BGv55VXSrhjWpWHeVYuN6yyOPDgFZ6AELFADDXALmqAFMHgEz+AVvGlP2ov2rn0sWnNaNnMM/kD7/AFjeJMf</latexit>

U+ = 8.47(y+)0.142

Zagarola & Smits (1998)
McKeon, Li, Jiang, Morrison & Smits (2004)

Bailey, Vallikivi, Hultmark & Smits (2014) 

<latexit sha1_base64="Wn0l8Th1CVMeYGj5NHWt6MyNJwI=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIjvjZCsRuXFewDOm3JpJlpaDIzJHeEMvQD3Pgrblwo4tYPcOffmD4W2nogcDjnXG7u8WLBNdj2t5VZWl5ZXcuu5zY2t7Z38rt7dR0lirIajUSkmh7RTPCQ1YCDYM1YMSI9wRreoDL2Gw9MaR6F9zCMWVuSIOQ+pwSM1M0Xap0TfI0rXQe7gvlQxEMjuIoHfTjuuAGRkpiUXbInwIvEmZECmqHazX+5vYgmkoVABdG65dgxtFOigFPBRjk30SwmdEAC1jI0JJLpdjo5ZoSPjNLDfqTMCwFP1N8TKZFaD6VnkpJAX897Y/E/r5WAf9VOeRgnwEI6XeQnAkOEx83gHleMghgaQqji5q+Y9okiFEx/OVOCM3/yIqmflpyL0vndWaF8M6sjiw7QISoiB12iMrpFVVRDFD2iZ/SK3qwn68V6tz6m0Yw1m9lHf2B9/gAgapky</latexit>

U+ = C1

�
y+

��

Inner scaling revisited at high Reynolds number



• Log-law was derived by matching gradients of 
velocity in the overlap region

• However, if we match velocity gradients and 
magnitudes in the overlap region, a power law can be 
derived:

• Experiments reveal that a power law joins the viscous 
sublayer to the log-law

• The log-law begins at y+ = 600
• It ends at y/d = 0.12
• Log-law only appears for Ret > 10,000 (one octave), 

or 50,000 (one decade)

<latexit sha1_base64="pc6tnWC9FS7OJbrKBPlLNfzt7eo=">AAACCnicbVBNS8NAEN3Ur1q/qh69RIsgFMKmtOpFKHrxWMG0hTYtm+2mXbrZhN2NUELOXvwrXjwo4tVf4M1/47bNQVsfDDzem2FmnhcxKhWE30ZuZXVtfSO/Wdja3tndK+4fNGUYC0wcHLJQtD0kCaOcOIoqRtqRICjwGGl545up33ogQtKQ36tJRNwADTn1KUZKS/3isdMrX3V9gXBipwm0qhU77TKeTHrltFyzzmGhXyxBC85gLhM7IyWQodEvfnUHIY4DwhVmSMqODSPlJkgoihlJC91YkgjhMRqSjqYcBUS6yeyV1DzVysD0Q6GLK3Om/p5IUCDlJPB0Z4DUSC56U/E/rxMr/9JNKI9iRTieL/JjZqrQnOZiDqggWLGJJggLqm818QjpXJRObxqCvfjyMmlWLLtmwbtqqX6dxZEHR+AEnAEbXIA6uAUN4AAMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/AKm3mFA=</latexit>

U+ =
1

0.421
ln y+ + 5.60<latexit sha1_base64="yZQOp8Eup2wB3ecGM0/ZR1PBE6Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKoWQlEq7EYpuXFawD2jTMplO2qGTSZiZCCF24a+4caGIW3/DnX9j0mahrQcuHM65l3vvcQJGpTLNby23tr6xuZXfLuzs7u0f6IdHbemHApMW9pkvug6ShFFOWooqRrqBIMhzGOk405vU7zwQIanP71UUENtDY05dipFKpKF+0hqUr+pGtVaKBuWLQWwaVrUyKwz1ommYc8BVYmWkCDI0h/pXf+Tj0CNcYYak7FlmoOwYCUUxI7NCP5QkQHiKxqSXUI48Iu14fv8MnifKCLq+SIorOFd/T8TIkzLynKTTQ2oil71U/M/rhcqt2zHlQagIx4tFbsig8mEaBhxRQbBiUUIQFjS5FeIJEgirJLI0BGv55VXSrhjWpWHeVYuN6yyOPDgFZ6AELFADDXALmqAFMHgEz+AVvGlP2ov2rn0sWnNaNnMM/kD7/AFjeJMf</latexit>

U+ = 8.47(y+)0.142

Zagarola & Smits (1998)
McKeon, Li, Jiang, Morrison & Smits (2004)

Bailey, Vallikivi, Hultmark & Smits (2014) 

<latexit sha1_base64="Wn0l8Th1CVMeYGj5NHWt6MyNJwI=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIjvjZCsRuXFewDOm3JpJlpaDIzJHeEMvQD3Pgrblwo4tYPcOffmD4W2nogcDjnXG7u8WLBNdj2t5VZWl5ZXcuu5zY2t7Z38rt7dR0lirIajUSkmh7RTPCQ1YCDYM1YMSI9wRreoDL2Gw9MaR6F9zCMWVuSIOQ+pwSM1M0Xap0TfI0rXQe7gvlQxEMjuIoHfTjuuAGRkpiUXbInwIvEmZECmqHazX+5vYgmkoVABdG65dgxtFOigFPBRjk30SwmdEAC1jI0JJLpdjo5ZoSPjNLDfqTMCwFP1N8TKZFaD6VnkpJAX897Y/E/r5WAf9VOeRgnwEI6XeQnAkOEx83gHleMghgaQqji5q+Y9okiFEx/OVOCM3/yIqmflpyL0vndWaF8M6sjiw7QISoiB12iMrpFVVRDFD2iZ/SK3qwn68V6tz6m0Yw1m9lHf2B9/gAgapky</latexit>

U+ = C1

�
y+

��

• What about k?
• Best estimate for pipe flow 
• Other people find more precise values
• Can DNS help?

<latexit sha1_base64="J2Xawk20mQrANtfk7MFlZlllTXY=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlplR0IxTduKxgL9AZSibNtKFJJiQZoQzd+CpuXCji1sdw59uYaWehrQdCPv7/HJLzR5JRbTzv21lZXVvf2Cxtlbd3dvf23YPDtk5ShUkLJyxR3QhpwqggLUMNI12pCOIRI51ofJv7nUeiNE3Eg5lIEnI0FDSmGBkr9d3jYIykRPAaetW6BwPJLXi1ct+t2HtWcBn8AiqgqGbf/QoGCU45EQYzpHXP96QJM6QMxYxMy0GqiUR4jIakZ1EgTnSYzRaYwjOrDGCcKHuEgTP190SGuNYTHtlOjsxIL3q5+J/XS018FWZUyNQQgecPxSmDJoF5GnBAFcGGTSwgrKj9K8QjpBA2NrM8BH9x5WVo16r+RdW7r1caN0UcJXACTsE58MElaIA70AQtgMEUPINX8OY8OS/Ou/Mxb11xipkj8Keczx8bspOA</latexit>

 = 0.40± 0.02

Inner scaling revisited at high Reynolds number



Channel flow DNS (max Ret = 5200)

DNS by Lee & Moser (2015)

<latexit sha1_base64="1CSYz3kJrRSSZgxFKmWLvPqJE4A=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCURRZdFNy4rmLbQxjKZTNqhkwczEyGG4K+4caGIW//DnX/jpO1CWw9cOJxzL/fe4yWcSWVZ38bC4tLyymplrbq+sbm1be7stmScCkIdEvNYdDwsKWcRdRRTnHYSQXHocdr2Rtel336gQrI4ulNZQt0QDyIWMIKVlvrmfnZ/gnqBwCT3kVPkflagat+sWXVrDDRP7CmpwRTNvvnV82OShjRShGMpu7aVKDfHQjHCaVHtpZImmIzwgHY1jXBIpZuPry/QkVZ8FMRCV6TQWP09keNQyiz0dGeI1VDOeqX4n9dNVXDp5ixKUkUjMlkUpBypGJVRIJ8JShTPNMFEMH0rIkOso1A6sDIEe/bledI6rdvndev2rNa4msZRgQM4hGOw4QIacANNcIDAIzzDK7wZT8aL8W58TFoXjOnMHvyB8fkDJseUYQ==</latexit>

y+
dU

dy

<latexit sha1_base64="zD7slqFjPYqbbHyAp4psF8O6PvE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiih6LXjxWsB/QxrLZbtqlu5uwuxFC6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgpgzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5Db3O09UaRbJB5PG1Bd4JFnICDa5lD6eVQbVmlt3Z0DLxCtIDQo0B9Wv/jAiiaDSEI617nlubPwMK8MIp9NKP9E0xmSCR7RnqcSCaj+b3TpFJ1YZojBStqRBM/X3RIaF1qkIbKfAZqwXvVz8z+slJrz2MybjxFBJ5ovChCMTofxxNGSKEsNTSzBRzN6KyBgrTIyNJw/BW3x5mbTP695l3b2/qDVuijjKcATHcAoeXEED7qAJLSAwhmd4hTdHOC/Ou/Mxby05xcwh/IHz+QM4/Y2y</latexit>

y+

Indicator function

<latexit sha1_base64="K/u9xlRigKy1wkr/rvHitCkIvrk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTFqhuh6MZlFfuAJoTJdNoOncyEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee8KYUaUd59sqrKyurW8UN0tb2zu7e/b+QVuJRGLSwoIJ2Q2RIoxy0tJUM9KNJUFRyEgnHF9P/c4DkYoKfq/TmPgRGnI6oBhpIwV2+Y4EnkaJNwrFY3ZZrznOJLArTtWZAS4TNycVkKMZ2F9eX+AkIlxjhpTquU6s/QxJTTEjk5KXKBIjPEZD0jOUo4goP5sdP4HHRunDgZCmuIYz9fdEhiKl0ig0nRHSI7XoTcX/vF6iBxd+RnmcaMLxfNEgYVALOE0C9qkkWLPUEIQlNbdCPEISYW3yKpkQ3MWXl0m7VnXPqvXb00rjKo+jCA7BETgBLjgHDXADmqAFMEjBM3gFb9aT9WK9Wx/z1oKVz5TBH1ifP8kslDg=</latexit>

Re⌧=5200



Reynolds number not high 
enough to show log-law

DNS by Lee & Moser (2015)

Power law profilesIndicator function

<latexit sha1_base64="1CSYz3kJrRSSZgxFKmWLvPqJE4A=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCURRZdFNy4rmLbQxjKZTNqhkwczEyGG4K+4caGIW//DnX/jpO1CWw9cOJxzL/fe4yWcSWVZ38bC4tLyymplrbq+sbm1be7stmScCkIdEvNYdDwsKWcRdRRTnHYSQXHocdr2Rtel336gQrI4ulNZQt0QDyIWMIKVlvrmfnZ/gnqBwCT3kVPkflagat+sWXVrDDRP7CmpwRTNvvnV82OShjRShGMpu7aVKDfHQjHCaVHtpZImmIzwgHY1jXBIpZuPry/QkVZ8FMRCV6TQWP09keNQyiz0dGeI1VDOeqX4n9dNVXDp5ixKUkUjMlkUpBypGJVRIJ8JShTPNMFEMH0rIkOso1A6sDIEe/bledI6rdvndev2rNa4msZRgQM4hGOw4QIacANNcIDAIzzDK7wZT8aL8W58TFoXjOnMHvyB8fkDJseUYQ==</latexit>

y+
dU

dy

<latexit sha1_base64="zD7slqFjPYqbbHyAp4psF8O6PvE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiih6LXjxWsB/QxrLZbtqlu5uwuxFC6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgpgzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5Db3O09UaRbJB5PG1Bd4JFnICDa5lD6eVQbVmlt3Z0DLxCtIDQo0B9Wv/jAiiaDSEI617nlubPwMK8MIp9NKP9E0xmSCR7RnqcSCaj+b3TpFJ1YZojBStqRBM/X3RIaF1qkIbKfAZqwXvVz8z+slJrz2MybjxFBJ5ovChCMTofxxNGSKEsNTSzBRzN6KyBgrTIyNJw/BW3x5mbTP695l3b2/qDVuijjKcATHcAoeXEED7qAJLSAwhmd4hTdHOC/Ou/Mxby05xcwh/IHz+QM4/Y2y</latexit>

y+
<latexit sha1_base64="J2Xawk20mQrANtfk7MFlZlllTXY=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBFdlplR0IxTduKxgL9AZSibNtKFJJiQZoQzd+CpuXCji1sdw59uYaWehrQdCPv7/HJLzR5JRbTzv21lZXVvf2Cxtlbd3dvf23YPDtk5ShUkLJyxR3QhpwqggLUMNI12pCOIRI51ofJv7nUeiNE3Eg5lIEnI0FDSmGBkr9d3jYIykRPAaetW6BwPJLXi1ct+t2HtWcBn8AiqgqGbf/QoGCU45EQYzpHXP96QJM6QMxYxMy0GqiUR4jIakZ1EgTnSYzRaYwjOrDGCcKHuEgTP190SGuNYTHtlOjsxIL3q5+J/XS018FWZUyNQQgecPxSmDJoF5GnBAFcGGTSwgrKj9K8QjpBA2NrM8BH9x5WVo16r+RdW7r1caN0UcJXACTsE58MElaIA70AQtgMEUPINX8OY8OS/Ou/Mxb11xipkj8Keczx8bspOA</latexit>

 = 0.40± 0.02
(will probably need DNS at much higher Reynolds number to be more precise)

<latexit sha1_base64="k/gsOljNt7gihm8aV2v1SVxTS48=">AAAB5HicbVDLSgNBEOyNrxhfUY9eBoMgBMKuRPQiBL14jOAmgbyYncwmQ2YfzPQKS8gfeBHxouD3+Av+jZNkL0ksGCiqauiu9mIpNNr2r5Xb2Nza3snvFvb2Dw6PiscnDR0linGXRTJSLY9qLkXIXRQoeStWnAae5E1v/DDzmy9caRGFz5jGvBvQYSh8wSgaqen2yndpr9wvluyKPQdZJ05GSpCh3i/+dAYRSwIeIpNU67Zjx9idUIWCST4tdBLNY8rGdMgn8yWn5MJIA+JHyrwQyVxdytFA6zTwTDKgONKr3kz8z2sn6N92JyKME+QhWwzyE0kwIrPGZCAUZyhTQyhTwmxI2IgqytDcpWCqO6tF10njquJcV+ynaql2nx0hD2dwDpfgwA3U4BHq4AKDMbzBJ3xZvvVqvVsfi2jOyv6cwhKs7z8uNYqM</latexit>

U+ = y+

<latexit sha1_base64="dwr29p3EPem/hUWrVObZBs+D0aY=">AAAB9HicbVDLSsNAFL3xWesrKq7cBItQKYSkVNqNUHTjsoJpC30xmU7aoZMHM5NCCP0TNyJuFPwOf8G/cdpm09YDA4dzznDvPW7EqJCW9attbe/s7u3nDvKHR8cnp/rZeVOEMcfEwSELedtFgjAaEEdSyUg74gT5LiMtd/I491tTwgUNgxeZRKTno1FAPYqRVNJAv3T6pfuaWakWk37ptp9apl0pzwZ6wTKtBYxNYmekABkaA/2nOwxx7JNAYoaE6NhWJHsp4pJiRmb5bixIhPAEjUi6WHpm3ChpaHghVy+QxkJdySFfiMR3VdJHcizWvbn4n9eJpVfrpTSIYkkCvBzkxcyQoTFvwBhSTrBkiSIIc6o2NPAYcYSl6imvTrfXD90kzbJp35nWc6VQf8hKyMEVXEMRbKhCHZ6gAQ5gSOENPuFLm2qv2rv2sYxuadmfC1iB9v0H6eWOtg==</latexit>

U+ = 8.47(y+)0.142

Channel flow DNS (max Ret = 5200)

<latexit sha1_base64="K/u9xlRigKy1wkr/rvHitCkIvrk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTFqhuh6MZlFfuAJoTJdNoOncyEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee8KYUaUd59sqrKyurW8UN0tb2zu7e/b+QVuJRGLSwoIJ2Q2RIoxy0tJUM9KNJUFRyEgnHF9P/c4DkYoKfq/TmPgRGnI6oBhpIwV2+Y4EnkaJNwrFY3ZZrznOJLArTtWZAS4TNycVkKMZ2F9eX+AkIlxjhpTquU6s/QxJTTEjk5KXKBIjPEZD0jOUo4goP5sdP4HHRunDgZCmuIYz9fdEhiKl0ig0nRHSI7XoTcX/vF6iBxd+RnmcaMLxfNEgYVALOE0C9qkkWLPUEIQlNbdCPEISYW3yKpkQ3MWXl0m7VnXPqvXb00rjKo+jCA7BETgBLjgHDXADmqAFMEjBM3gFb9aT9WK9Wx/z1oKVz5TBH1ifP8kslDg=</latexit>

Re⌧=5200



Outer scaling revisited
⇣
u⌧ =

p
⌧w/⇢

⌘
<latexit sha1_base64="+/2j+7rfTh6bY/WlEml7ihos64M=">AAAB/XicbVDLSsNAFJ34rPUVdSnIYBEqlJKIr41QdOOygmkLTQmTyaQdOnkwcyOEUtz4K25E3Cj4C/6Cf+P0sWnrgQuHc84w9x4/FVyBZf0aS8srq2vrhY3i5tb2zq65t99QSSYpc2giEtnyiWKCx8wBDoK1UslI5AvW9Pt3I7/5xKTiSfwIeco6EenGPOSUgJY888i5wWE5r2SeCySruJEe2UsqbsAEkFPPLFlVawy8SOwpKaEp6p754wYJzSIWAxVEqbZtpdAZEAmcCjYsupliKaF90mWD8fZDfKKlAIeJ1BMDHqszORIplUe+TkYEemreG4n/ee0MwuvOgMdpBiymk4/CTGBI8KgKHHDJKIhcE0Il1xti2iOSUNCFFfXp9vyhi6RxVrUvqxcP56Xa7bSEAjpEx6iMbHSFauge1ZGDKHpBb+gTfRnPxqvxbnxMokvG9M0BmoHx/QeovZPh</latexit>

U = f(y, u⌧ , µ, ⇢, �)• Dimensional analysis: 

• Assumes one velocity scale for inner and outer regions
• Experiments suggest both an inner scale (ut) and an outer scale (uZS)
• Propose                                            (Zagarola & Smits 1997; 1998)
• In the outer region scale uZS works better than ut at lower Reynolds numbers

<latexit sha1_base64="mFNlMDNQtZGbOOxw+r7prYPJBNc=">AAACDXicbZDLSsNAFIYn3q23qEs3g1VQkZqIt41QdOOyolWxqWEynbSDk0mYORFC6Au48VXcuFDErXt3vo3TNgtvPwx8/Occzpw/SATX4Dif1tDwyOjY+MRkaWp6ZnbOnl+40HGqKKvTWMTqKiCaCS5ZHTgIdpUoRqJAsMvg9rhXv7xjSvNYnkOWsGZE2pKHnBIwlm+vpH5+fdY9XPNaTAC52dgawDr2NnHd97gMIfPtslNx+sJ/wS2gjArVfPvDa8U0jZgEKojWDddJoJkTBZwK1i15qWYJobekzRoGJYmYbub9a7p41TgtHMbKPAm4736fyEmkdRYFpjMi0NG/az3zv1ojhfCgmXOZpMAkHSwKU4Ehxr1ocIsrRkFkBghV3PwV0w5RhIIJsGRCcH+f/BcutivuXmX3dKdcPSrimEBLaBmtIRftoyo6QTVURxTdo0f0jF6sB+vJerXeBq1DVjGziH7Iev8CoRiaqQ==</latexit>

uZS = (�⇤/�)U1

Pirozzoli & Smits (2023)



<latexit sha1_base64="g4q9Ndv32eDJH96VVk/vk4AS8JQ="></latexit>

1p
�
= C1 log(ReD

p
�) + C2 + C3 � C4(ReD)

The velocity profile and the friction factor

By integrating the velocity profile, we can obtain a friction factor/Reynolds number relationship:

With

<latexit sha1_base64="ACLcTF24y14EBstia2fhFVUQtJo="></latexit>

� ⌘
� dp

dxD
1
2⇢U

2 =
4⌧w
1
2⇢U

2 = 8

✓
u⌧

U

◆2

<latexit sha1_base64="7xr+NHdfE8TG198QfQ1uEAhgwIw="></latexit>r
8

�
=

U

u⌧
= 2

Z 1

0
U+

✓
1� y+

R+

◆
d
y+

R+

<latexit sha1_base64="CnOZGfOQX/EDsc3bCRnWb+AzSuY=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhCoSTiayOUunFZwbSFJi2T6aQdOpmEmYkQQrZu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/JhRqSzr21haXlldWy9tlDe3tnd2zb39lowSgYmDIxaJjo8kYZQTR1HFSCcWBIU+I21/fDPx2w9ESBrxe5XGxAvRkNOAYqS01Deh06teu4FAOLPzzB2jOEY5dBnP0l41h9VG36xYNWsKuEjsglRAgWbf/HIHEU5CwhVmSMqubcXKy5BQFDOSl91EkhjhMRqSrqYchUR62fSTHB5rZQCDSOjiCk7V3xMZCqVMQ193hkiN5Lw3Ef/zuokKrryM8jhRhOPZoiBhUEVwEgscUEGwYqkmCAuqb4V4hHQsSodX1iHY8y8vktZpzb6ond+dVeqNIo4SOARH4ATY4BLUwS1oAgdg8AiewSt4M56MF+Pd+Ji1LhnFzAH4A+PzB0RImW8=</latexit>

U+ =
1


ln y+ +B

That is,

outer layer (wake) deviation

inner layer 
deviaAon

Prandtl smooth pipe



Superpipe results

Prandtl 
(1935)

Blasius 
(1911)

Prandtl (1935)

McKeon et al. (2004)

McKeon et. al. (2004)
1p
�
= 1.930 logReD

p
�� 0.537



Pipe flow fricCon: the Moody Diagram

Smooth pipe
(Prandtl)

Smooth pipe
(Blasius)

Laminar

Increasing roughness k/D

<latexit sha1_base64="MCgPOvynU7Oxr4FC8sF/T0HKodo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2NQDx4jmgckS5idTJIhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGNxO/8cS1EZF6xFHM/ZD2legJRtFKD8OT206x5JbdKcgi8TJSggzVTvGr3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTU8fkyCpd0ou0LYVkqv6eSGlozCgMbGdIcWDmvYn4n9dKsHflp0LFCXLFZot6iSQYkcnfpCs0ZyhHllCmhb2VsAHVlKFNp2BD8OZfXiT107J3UT6/PytVrrM48nAAh3AMHlxCBe6gCjVg0IdneIU3RzovzrvzMWvNOdnMPvyB8/kDzu+NgA==</latexit>

k/D

<latexit sha1_base64="YX+L0LZgTJue08j6fgfsxjAZbrE=">AAACAnicbVDNS8MwHE39nPOr6km8BIfgabbi10UYuoPHKXYbrKWkWbqFpWlJUmGU4cV/xYsHRbz6V3jzvzHdetDNB4HHe++X5PeChFGpLOvbmJtfWFxaLq2UV9fWNzbNre2mjFOBiYNjFot2gCRhlBNHUcVIOxEERQEjrWBwnfutByIkjfm9GibEi1CP05BipLTkm7t3xK/DS+jGOpVfkjkjWD9yeeqbFatqjQFniV2QCijQ8M0vtxvjNCJcYYak7NhWorwMCUUxI6Oym0qSIDxAPdLRlKOISC8brzCCB1rpwjAW+nAFx+rviQxFUg6jQCcjpPpy2svF/7xOqsILL6M8SRXhePJQmDKoYpj3AbtUEKzYUBOEBdV/hbiPBMJKt1bWJdjTK8+S5nHVPque3p5UaldFHSWwB/bBIbDBOaiBG9AADsDgETyDV/BmPBkvxrvxMYnOGcXMDvgD4/MHvdmWZQ==</latexit>

ReD = UD/⌫



Two complementary experiments
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<latexit sha1_base64="aMZDynNCRPlSLbCKAV4XYrXrbAs=">AAAB63icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NQDx6jmAckS5id9CZDZmaXmVkhhPyCFw+KePWHvPk3ziZ70GhBQ1HVTXdXmHCmjed9OYWl5ZXVteJ6aWNza3unvLvX1HGqKDZozGPVDolGziQ2DDMc24lCIkKOrXB0nfmtR1SaxfLBjBMMBBlIFjFKTCbdY++mV654VW8G9y/xc1KBHPVe+bPbj2kqUBrKidYd30tMMCHKMMpxWuqmGhNCR2SAHUslEaiDyezWqXtklb4bxcqWNO5M/TkxIULrsQhtpyBmqBe9TPzP66QmugwmTCapQUnni6KUuyZ2s8fdPlNIDR9bQqhi9laXDoki1Nh4SjYEf/Hlv6R5UvXPq2d3p5XaVR5HEQ7gEI7BhwuowS3UoQEUhvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BsPCOBg==</latexit>

ReD McKeon et al. (2004)



• Dimensional analysis: 

• Using the inner/outer overlap argument:

Turbulent stress scaling

⇣
u⌧ =

p
⌧w/⇢

⌘
<latexit sha1_base64="I9Gp7hWMpnS8qW7Yln4yZWTqN80=">AAACDnicbVDLSgMxFM34rPVVdekmWASFUmfE10YounFZwVahU4ZMJmNjM5MhuRGG0n9w46+4EXGj0F/wb0wfm1YPXDiccy/JOWEmuAbX/XHm5hcWl5YLK8XVtfWNzdLWdlNLoyhrUCmkegiJZoKnrAEcBHvIFCNJKNh92L0e+vfPTGku0zvIM9ZOyGPKY04JWCkoHfnS2sPrngk4NsFT/xLHB3nFBD4QU/ETO6ojK37EBJDDoFR2q+4I+C/xJqSMJqgHpYEfSWoSlgIVROuW52bQ7hEFnArWL/pGs4zQLnlkvVGcPt63UoRjqeykgEfq1B5JtM6T0G4mBDp61huK/3ktA/FFu8fTzABL6fih2AgMEg+7wRFXjILILSFUcftDTDtEEQq2waKN7s0G/Uuax1XvrHp6e1KuXU1KKKBdtIcOkIfOUQ3doDpqIIpe0Tv6Qt/Oi/PmfDif49U5Z3Kzg6bgDH4Bf9+biQ==</latexit>

uiuj = f(y, u⌧ , µ, ⇢, �)

Match amplitudes
<latexit sha1_base64="d26cQjGFooZmWhTbibnLpUJMxik=">AAACBXicbVDLSgMxFM3UV62vqks3waK4kDIjvjZC0Y3LCvYBnTJk0rSNzSRDckcsQ9du/BU3Im4U3PoL/o3pY9PWA4HDOedyc08YC27AdX+dzMLi0vJKdjW3tr6xuZXf3qkalWjKKlQJpeshMUxwySrAQbB6rBmJQsFqYe9m6NcemTZcyXvox6wZkY7kbU4JWCnIH/rK2sPpNAk4ToKHwRX2j7HfDdVTSpU0QCQMgnzBLboj4HniTUgBTVAO8j9+S9EkYhKoIMY0PDeGZko0cCrYIOcnhsWE9kiHpaMrBvjASi3cVto+CXikTuVIZEw/Cm0yItA1s95Q/M9rJNC+bKZcxgkwSceL2onAoPCwEtzimlEQfUsI1dz+ENMu0YSCLS5nT/dmD50n1ZOid148uzstlK4nJWTRHtpHR8hDF6iEblEZVRBFL+gNfaIv59l5dd6dj3E040xmdtEUnO8/4b2Yow==</latexit>

uiuj = constant

Match gradients
<latexit sha1_base64="rwGmRunhAVndTZOsVfxbVV0HBNM=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0WooDERXxuh1o3LCvYBTQmTybQdO3kwMxFC6De48VfciLhR0F/wb5y02bT1wMDhnHO5c48bMSqkaf5qhYXFpeWV4mppbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRlju8zfzWE+GChsGDTCLS9VE/oD2KkVSSoxt2qOxsOo0dCmPncXQN7SNYc+jxjRJsFsBKcmJ7hEl0CB29bBrmGHCeWDkpgxx1R/+xvRDHPgkkZkiIjmVGspsiLilmZFSyY0EihIeoT9LxNSN4oCQP9kKuXiDhWJ3KIV+IxHdV0kdyIGa9TPzP68Syd9VNaRDFkgR4sqgXMyhDmFUDPcoJlixRBGFO1Q8hHiCOsFQFltTp1uyh86R5algXxvn9Wblay0sogj2wDyrAApegCu5AHTQABi/gDXyCL+1Ze9XetY9JtKDlM7tgCtr3H5bjmbk=</latexit>

uiuj = Bi �Ai ln(y/�)

Match gradients and amplitudes
<latexit sha1_base64="yUd9MPmJB6+W+kXA8N8MRzWW/AI=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WoIDURXxuh2I3LCvYBTQ2TyaSOnTyYmQgh5Cfc+CtuRNyo+Af+jZM2m7YeGDhzzr3MnONEjAppGL9aaWFxaXmlvFpZW9/Y3NK3dzoijDkmbRyykPccJAijAWlLKhnpRZwg32Gk64yaud99IlzQMLiTSUQGPhoG1KMYSSXZummFys6309imMLYfsytoHcGmutSSY8slTKLD+9QaIt9HNs2grVeNujEGnCdmQaqgQMvWvy03xLFPAokZEqJvGpEcpIhLihnJKlYsSITwCA1JOg6UwQMludALuTqBhGN1ag75QiS+oyZ9JB/ErJeL/3n9WHqXg5QGUSxJgCcPeTGDMoR5O9ClnGDJEkUQ5lT9EOIHxBGWqsOKim7OBp0nnZO6eV4/uz2tNq6LEspgD+yDGjDBBWiAG9ACbYDBC3gDn+BLe9ZetXftYzJa0oqdXTAF7ecPHWSbyQ==</latexit>

uiuj = Ci(y/�)
�i



• Dimensional analysis: 

• Using the inner/outer overlap argument:

• As we shall see, different components of the stress tensor follow different scaling 
in the overlap region

• For example,               follows a logarithmic variation, while              is a constant
• No power law behavior has been seen

Turbulent stress scaling

⇣
u⌧ =

p
⌧w/⇢

⌘
<latexit sha1_base64="I9Gp7hWMpnS8qW7Yln4yZWTqN80=">AAACDnicbVDLSgMxFM34rPVVdekmWASFUmfE10YounFZwVahU4ZMJmNjM5MhuRGG0n9w46+4EXGj0F/wb0wfm1YPXDiccy/JOWEmuAbX/XHm5hcWl5YLK8XVtfWNzdLWdlNLoyhrUCmkegiJZoKnrAEcBHvIFCNJKNh92L0e+vfPTGku0zvIM9ZOyGPKY04JWCkoHfnS2sPrngk4NsFT/xLHB3nFBD4QU/ETO6ojK37EBJDDoFR2q+4I+C/xJqSMJqgHpYEfSWoSlgIVROuW52bQ7hEFnArWL/pGs4zQLnlkvVGcPt63UoRjqeykgEfq1B5JtM6T0G4mBDp61huK/3ktA/FFu8fTzABL6fih2AgMEg+7wRFXjILILSFUcftDTDtEEQq2waKN7s0G/Uuax1XvrHp6e1KuXU1KKKBdtIcOkIfOUQ3doDpqIIpe0Tv6Qt/Oi/PmfDif49U5Z3Kzg6bgDH4Bf9+biQ==</latexit>

uiuj = f(y, u⌧ , µ, ⇢, �)

Match amplitudes
<latexit sha1_base64="d26cQjGFooZmWhTbibnLpUJMxik=">AAACBXicbVDLSgMxFM3UV62vqks3waK4kDIjvjZC0Y3LCvYBnTJk0rSNzSRDckcsQ9du/BU3Im4U3PoL/o3pY9PWA4HDOedyc08YC27AdX+dzMLi0vJKdjW3tr6xuZXf3qkalWjKKlQJpeshMUxwySrAQbB6rBmJQsFqYe9m6NcemTZcyXvox6wZkY7kbU4JWCnIH/rK2sPpNAk4ToKHwRX2j7HfDdVTSpU0QCQMgnzBLboj4HniTUgBTVAO8j9+S9EkYhKoIMY0PDeGZko0cCrYIOcnhsWE9kiHpaMrBvjASi3cVto+CXikTuVIZEw/Cm0yItA1s95Q/M9rJNC+bKZcxgkwSceL2onAoPCwEtzimlEQfUsI1dz+ENMu0YSCLS5nT/dmD50n1ZOid148uzstlK4nJWTRHtpHR8hDF6iEblEZVRBFL+gNfaIv59l5dd6dj3E040xmdtEUnO8/4b2Yow==</latexit>

uiuj = constant

Match gradients
<latexit sha1_base64="rwGmRunhAVndTZOsVfxbVV0HBNM=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0WooDERXxuh1o3LCvYBTQmTybQdO3kwMxFC6De48VfciLhR0F/wb5y02bT1wMDhnHO5c48bMSqkaf5qhYXFpeWV4mppbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRlju8zfzWE+GChsGDTCLS9VE/oD2KkVSSoxt2qOxsOo0dCmPncXQN7SNYc+jxjRJsFsBKcmJ7hEl0CB29bBrmGHCeWDkpgxx1R/+xvRDHPgkkZkiIjmVGspsiLilmZFSyY0EihIeoT9LxNSN4oCQP9kKuXiDhWJ3KIV+IxHdV0kdyIGa9TPzP68Syd9VNaRDFkgR4sqgXMyhDmFUDPcoJlixRBGFO1Q8hHiCOsFQFltTp1uyh86R5algXxvn9Wblay0sogj2wDyrAApegCu5AHTQABi/gDXyCL+1Ze9XetY9JtKDlM7tgCtr3H5bjmbk=</latexit>

uiuj = Bi �Ai ln(y/�)

Match gradients and amplitudes
<latexit sha1_base64="yUd9MPmJB6+W+kXA8N8MRzWW/AI=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WoIDURXxuh2I3LCvYBTQ2TyaSOnTyYmQgh5Cfc+CtuRNyo+Af+jZM2m7YeGDhzzr3MnONEjAppGL9aaWFxaXmlvFpZW9/Y3NK3dzoijDkmbRyykPccJAijAWlLKhnpRZwg32Gk64yaud99IlzQMLiTSUQGPhoG1KMYSSXZummFys6309imMLYfsytoHcGmutSSY8slTKLD+9QaIt9HNs2grVeNujEGnCdmQaqgQMvWvy03xLFPAokZEqJvGpEcpIhLihnJKlYsSITwCA1JOg6UwQMludALuTqBhGN1ag75QiS+oyZ9JB/ErJeL/3n9WHqXg5QGUSxJgCcPeTGDMoR5O9ClnGDJEkUQ5lT9EOIHxBGWqsOKim7OBp0nnZO6eV4/uz2tNq6LEspgD+yDGjDBBWiAG9ACbYDBC3gDn+BLe9ZetXftYzJa0oqdXTAF7ecPHWSbyQ==</latexit>

uiuj = Ci(y/�)
�i

<latexit sha1_base64="URQ2jeoGgt5C85P4d0PxTJ7Lsno=">AAAB+3icbVDLSsNAFJ3UV62vqEtdDBbBVU2Kr2XRjcsK9gFNDZPppB06yYR5CCVk46+4EXGj4D/4C/6Nkzabth4YOJxzLnPvCRJGpXKcX6u0srq2vlHerGxt7+zu2fsHbcm1wKSFOeOiGyBJGI1JS1HFSDcRBEUBI51gfJf7nWciJOXxo5okpB+hYUxDipEykm8fpx43fj6e6qd6lp2n2vcUyjn07apTc6aAy8QtSBUUaPr2jzfgWEckVpghKXuuk6h+ioSimJGs4mlJEoTHaEjS6e4ZPDXSAIZcmBcrOFXnciiSchIFJhkhNZKLXi7+5/W0Cm/6KY0TrUiMZx+FmkHFYV4EHFBBsGITQxAW1GwI8QgJhJWpq2JOdxcPXSbtes29ql0+XFQbt0UJZXAETsAZcME1aIB70AQtgMELeAOf4MvKrFfr3fqYRUtWMXMI5mB9/wFvapR+</latexit>

u2/u2
⌧

<latexit sha1_base64="b/XLtPnWokzqnjKX4Sb8U+LlMnw=">AAAB+3icbVDLSsNAFJ34rPUVdamLwSK4qknxtSy6cVnBPqCpYTKdtEMnmTCPQgnZ+CtuRNwo+A/+gn/jpM2mrQcGDuecy9x7goRRqRzn11pZXVvf2Cxtlbd3dvf27YPDluRaYNLEnHHRCZAkjMakqahipJMIgqKAkXYwus/99pgISXn8pCYJ6UVoENOQYqSM5NsnqceNn4+n4+dall2k2vcU0oZD3644VWcKuEzcglRAgYZv/3h9jnVEYoUZkrLrOonqpUgoihnJyp6WJEF4hAYkne6ewTMj9WHIhXmxglN1LociKSdRYJIRUkO56OXif15Xq/C2l9I40YrEePZRqBlUHOZFwD4VBCs2MQRhQc2GEA+RQFiZusrmdHfx0GXSqlXd6+rV42WlfleUUALH4BScAxfcgDp4AA3QBBi8gDfwCb6szHq13q2PWXTFKmaOwBys7z9w9JR/</latexit>

v2/u2
⌧

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit>

{
<latexit sha1_base64="ybqrtgMFxrLoI/EyuQxcdFhMi0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5tBLx4TMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR3dRvPqHSPJIPZhyjH9KB5H3OqLFS7aZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6zOPJwBMdwCh5cQQXuoQp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A5MVjM0=</latexit>

?
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0.52              5.2               52              520            5200

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
<latexit sha1_base64="MJmDKkYng+d2XE2p/WK4BHjnT9I=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkUQhDIjvpZFNy4r2ge0tWTSTBuaeZDcEYbSvRsRNwp+kb/g35i2s2nrgcDhnBPuPdeLlTToOL8kt7K6tr6R3yxsbe/s7hX3D+omSjQXNR6pSDc9ZoSSoaihRCWasRYs8JRoeMO7id94EdrIKHzCNBadgPVD6UvO0EqP6fNZt1hyys4UdJm4GSlBhmq3+NPuRTwJRIhcMWNarhNjZ8Q0Sq7EuNBOjIgZH7K+GE0XHNMTK/WoH2n7QqRTdS7HAmPSwLPJgOHALHoT8T+vlaB/0xnJME5QhHw2yE8UxYhO2tKe1IKjSi1hXEu7IeUDphlHe5OCre4uFl0m9fOye1W+fLgoVW6zI+ThCI7hFFy4hgrcQxVqwKEPb/AJX8Qjr+SdfMyiOZL9OYQ5kO8/9V2JTw==</latexit>

y+

Turbulent stress levels: channel flow DNS Ret = 5200

Data from Lee & Moser (2015)

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�

<latexit sha1_base64="rrysZI8w7Mg/HuvijH4qC7H8f8k=">AAACAXicbVDLSsNAFJ34rPUVdelmaBFclaT4WhbduKxgH9DUMJlO2rGTTJiHUEJWbvwVNyJuFPwBf8G/cdJm09YLA4dzztyZc4KEUakc59daWV1b39gsbZW3d3b39u2Dw7bkWmDSwpxx0Q2QJIzGpKWoYqSbCIKigJFOML7J9c4TEZLy+F5NEtKP0DCmIcVIGcq3K14oEE49bkz5jlT7VPuPWWaAp5B+qGe+XXVqznTgMnALUAXFNH37xxtwrCMSK8yQlD3XSVQ/RUJRzEhW9rQkCcJjNCTpNEEGTww1gCEX5sQKTtk5H4qknESBcUZIjeSilpP/aT2twqt+SuNEKxLj2UOhZlBxmNcBB1QQrNjEAIQFNT+EeIRMJcqUVjbR3cWgy6Bdr7kXtfO7s2rjuiihBI5BBZwCF1yCBrgFTdACGLyAN/AJvqxn69V6tz5m1hWruHME5sb6/gM4+5fZ</latexit>

uiuj

u2
⌧

Outer scaling Inner scaling

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv

<latexit sha1_base64="2j0sKdVE74JT8yTb7ryACxvMQfU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AP6IpNm2tDMZEjuCKX0K9yIuFHwX/wF/8ZMO5u2HggczjmX3HP9WAqDrvvr5DY2t7Z38ruFvf2Dw6Pi8UnDqEQzXmdKKt3yqeFSRLyOAiVvxZrT0Je86Y8fUr/5wrURKnrGScy7IR1GIhCMopV6HWXNdHaa9CqzfrHklt05yDrxMlKCDLV+8aczUCwJeYRMUmPanhtjd0o1Cib5rNBJDI8pG9Mhn853nZELKw1IoLR9EZK5upSjoTGT0LfJkOLIrHqp+J/XTjC4605FFCfII7b4KEgkQUXS4mQgNGcoJ5ZQpoXdkLAR1ZShPU/BVvdWi66TRqXs3ZSvn65K1fvsCHk4g3O4BA9uoQqPUIM6MNDwBp/w5YTOq/PufCyiOSebOYUlON9/rJWOeA==</latexit>

u2

<latexit sha1_base64="gbzfAl900RwExaLtKgXWd49CSYM=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMkdpZR+hRsRNwr+i7/g35hpZ9PWA4HDOeeSe64fS2HQdX+dtfWNza3t3E5+d2//4LBwdFw3KtGM15iSSjd9argUEa+hQMmbseY09CVv+KP71G88c22Eip5wHPNOSAeRCASjaKVuW1kznZ28dMvTXqHoltwZyCrxMlKEDNVe4afdVywJeYRMUmNanhtjZ0I1Cib5NN9ODI8pG9EBn8x2nZJzK/VJoLR9EZKZupCjoTHj0LfJkOLQLHup+J/XSjC47UxEFCfIIzb/KEgkQUXS4qQvNGcox5ZQpoXdkLAh1ZShPU/eVveWi66SernkXZeuHi+LlbvsCDk4hTO4AA9uoAIPUIUaMNDwBp/w5YTOq/PufMyja042cwILcL7/AK+Pjno=</latexit>

w2

<latexit sha1_base64="NJ4h0L4Rr2tppEv+zpgPbgX+ags=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMmdQin9CjcibhT8F3/BvzHTzqatBwKHc84l91w/lsKg6/46G5tb2zu7ub38/sHh0XHh5LRuVKIZrzEllW761HApIl5DgZI3Y81p6Eve8EePqd8Yc22Eil5wEvNOSAeRCASjaKVuW1kznZ2Ou+VZr1B0S+4cZJ14GSlChmqv8NPuK5aEPEImqTEtz42xM6UaBZN8lm8nhseUjeiAT+e7zsillfokUNq+CMlcXcrR0JhJ6NtkSHFoVr1U/M9rJRjcd6YiihPkEVt8FCSSoCJpcdIXmjOUE0so08JuSNiQasrQnidvq3urRddJvVzybks3z9fFykN2hBycwwVcgQd3UIEnqEINGGh4g0/4ckLn1Xl3PhbRDSebOYMlON9/rhKOeQ==</latexit>

v2

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv

<latexit sha1_base64="2j0sKdVE74JT8yTb7ryACxvMQfU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AP6IpNm2tDMZEjuCKX0K9yIuFHwX/wF/8ZMO5u2HggczjmX3HP9WAqDrvvr5DY2t7Z38ruFvf2Dw6Pi8UnDqEQzXmdKKt3yqeFSRLyOAiVvxZrT0Je86Y8fUr/5wrURKnrGScy7IR1GIhCMopV6HWXNdHaa9CqzfrHklt05yDrxMlKCDLV+8aczUCwJeYRMUmPanhtjd0o1Cib5rNBJDI8pG9Mhn853nZELKw1IoLR9EZK5upSjoTGT0LfJkOLIrHqp+J/XTjC4605FFCfII7b4KEgkQUXS4mQgNGcoJ5ZQpoXdkLAR1ZShPU/BVvdWi66TRqXs3ZSvn65K1fvsCHk4g3O4BA9uoQqPUIM6MNDwBp/w5YTOq/PufCyiOSebOYUlON9/rJWOeA==</latexit>

u2

<latexit sha1_base64="gbzfAl900RwExaLtKgXWd49CSYM=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMkdpZR+hRsRNwr+i7/g35hpZ9PWA4HDOeeSe64fS2HQdX+dtfWNza3t3E5+d2//4LBwdFw3KtGM15iSSjd9argUEa+hQMmbseY09CVv+KP71G88c22Eip5wHPNOSAeRCASjaKVuW1kznZ28dMvTXqHoltwZyCrxMlKEDNVe4afdVywJeYRMUmNanhtjZ0I1Cib5NN9ODI8pG9EBn8x2nZJzK/VJoLR9EZKZupCjoTHj0LfJkOLQLHup+J/XSjC47UxEFCfIIzb/KEgkQUXS4qQvNGcox5ZQpoXdkLAh1ZShPU/eVveWi66SernkXZeuHi+LlbvsCDk4hTO4AA9uoAIPUIUaMNDwBp/w5YTOq/PufMyja042cwILcL7/AK+Pjno=</latexit>

w2 <latexit sha1_base64="NJ4h0L4Rr2tppEv+zpgPbgX+ags=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMmdQin9CjcibhT8F3/BvzHTzqatBwKHc84l91w/lsKg6/46G5tb2zu7ub38/sHh0XHh5LRuVKIZrzEllW761HApIl5DgZI3Y81p6Eve8EePqd8Yc22Eil5wEvNOSAeRCASjaKVuW1kznZ2Ou+VZr1B0S+4cZJ14GSlChmqv8NPuK5aEPEImqTEtz42xM6UaBZN8lm8nhseUjeiAT+e7zsillfokUNq+CMlcXcrR0JhJ6NtkSHFoVr1U/M9rJRjcd6YiihPkEVt8FCSSoCJpcdIXmjOUE0so08JuSNiQasrQnidvq3urRddJvVzybks3z9fFykN2hBycwwVcgQd3UIEnqEINGGh4g0/4ckLn1Xl3PhbRDSebOYMlON9/rhKOeQ==</latexit>

v2
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<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
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0.52              5.2               52              520            5200

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
<latexit sha1_base64="MJmDKkYng+d2XE2p/WK4BHjnT9I=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkUQhDIjvpZFNy4r2ge0tWTSTBuaeZDcEYbSvRsRNwp+kb/g35i2s2nrgcDhnBPuPdeLlTToOL8kt7K6tr6R3yxsbe/s7hX3D+omSjQXNR6pSDc9ZoSSoaihRCWasRYs8JRoeMO7id94EdrIKHzCNBadgPVD6UvO0EqP6fNZt1hyys4UdJm4GSlBhmq3+NPuRTwJRIhcMWNarhNjZ8Q0Sq7EuNBOjIgZH7K+GE0XHNMTK/WoH2n7QqRTdS7HAmPSwLPJgOHALHoT8T+vlaB/0xnJME5QhHw2yE8UxYhO2tKe1IKjSi1hXEu7IeUDphlHe5OCre4uFl0m9fOye1W+fLgoVW6zI+ThCI7hFFy4hgrcQxVqwKEPb/AJX8Qjr+SdfMyiOZL9OYQ5kO8/9V2JTw==</latexit>

y+

<latexit sha1_base64="rrysZI8w7Mg/HuvijH4qC7H8f8k=">AAACAXicbVDLSsNAFJ34rPUVdelmaBFclaT4WhbduKxgH9DUMJlO2rGTTJiHUEJWbvwVNyJuFPwBf8G/cdJm09YLA4dzztyZc4KEUakc59daWV1b39gsbZW3d3b39u2Dw7bkWmDSwpxx0Q2QJIzGpKWoYqSbCIKigJFOML7J9c4TEZLy+F5NEtKP0DCmIcVIGcq3K14oEE49bkz5jlT7VPuPWWaAp5B+qGe+XXVqznTgMnALUAXFNH37xxtwrCMSK8yQlD3XSVQ/RUJRzEhW9rQkCcJjNCTpNEEGTww1gCEX5sQKTtk5H4qknESBcUZIjeSilpP/aT2twqt+SuNEKxLj2UOhZlBxmNcBB1QQrNjEAIQFNT+EeIRMJcqUVjbR3cWgy6Bdr7kXtfO7s2rjuiihBI5BBZwCF1yCBrgFTdACGLyAN/AJvqxn69V6tz5m1hWruHME5sb6/gM4+5fZ</latexit>

uiuj

u2
⌧

Outer scaling Inner scaling

<latexit sha1_base64="P6Ga6mIIJixe3nDdkjE3mYcEUyg=">AAAB7nicbVDLSgMxFL1TX7U+OurSTbAIglJmxKoboejGZQX7gE4tmTRtQzOTIcmIw9DfcCPiRsFP8Rf8G9N2Nm09EDicc8K95/oRZ0o7zq+VW1ldW9/Ibxa2tnd2i/befkOJWBJaJ4IL2fKxopyFtK6Z5rQVSYoDn9OmP7qb+M1nKhUT4aNOItoJ8CBkfUawNlLXLiZPp97QFy/pjXfmVsZdu+SUnSnQMnEzUoIMta794/UEiQMaasKxUm3XiXQnxVIzwum44MWKRpiM8ICm03XH6NhIPdQX0rxQo6k6l8OBUkngm2SA9VAtehPxP68d6/51J2VhFGsaktmgfsyRFmjSHfWYpETzxBBMJDMbIjLEEhNtLlQw1d3FosukcV52L8uVh4tS9TY7Qh4O4QhOwIUrqMI91KAOBGJ4g0/4siLr1Xq3PmbRnJX9OYA5WN9/exuOKA==</latexit>

y+=15

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv

<latexit sha1_base64="2j0sKdVE74JT8yTb7ryACxvMQfU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AP6IpNm2tDMZEjuCKX0K9yIuFHwX/wF/8ZMO5u2HggczjmX3HP9WAqDrvvr5DY2t7Z38ruFvf2Dw6Pi8UnDqEQzXmdKKt3yqeFSRLyOAiVvxZrT0Je86Y8fUr/5wrURKnrGScy7IR1GIhCMopV6HWXNdHaa9CqzfrHklt05yDrxMlKCDLV+8aczUCwJeYRMUmPanhtjd0o1Cib5rNBJDI8pG9Mhn853nZELKw1IoLR9EZK5upSjoTGT0LfJkOLIrHqp+J/XTjC4605FFCfII7b4KEgkQUXS4mQgNGcoJ5ZQpoXdkLAR1ZShPU/BVvdWi66TRqXs3ZSvn65K1fvsCHk4g3O4BA9uoQqPUIM6MNDwBp/w5YTOq/PufCyiOSebOYUlON9/rJWOeA==</latexit>

u2

<latexit sha1_base64="gbzfAl900RwExaLtKgXWd49CSYM=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMkdpZR+hRsRNwr+i7/g35hpZ9PWA4HDOeeSe64fS2HQdX+dtfWNza3t3E5+d2//4LBwdFw3KtGM15iSSjd9argUEa+hQMmbseY09CVv+KP71G88c22Eip5wHPNOSAeRCASjaKVuW1kznZ28dMvTXqHoltwZyCrxMlKEDNVe4afdVywJeYRMUmNanhtjZ0I1Cib5NN9ODI8pG9EBn8x2nZJzK/VJoLR9EZKZupCjoTHj0LfJkOLQLHup+J/XSjC47UxEFCfIIzb/KEgkQUXS4qQvNGcox5ZQpoXdkLAh1ZShPU/eVveWi66SernkXZeuHi+LlbvsCDk4hTO4AA9uoAIPUIUaMNDwBp/w5YTOq/PufMyja042cwILcL7/AK+Pjno=</latexit>

w2

<latexit sha1_base64="NJ4h0L4Rr2tppEv+zpgPbgX+ags=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMmdQin9CjcibhT8F3/BvzHTzqatBwKHc84l91w/lsKg6/46G5tb2zu7ub38/sHh0XHh5LRuVKIZrzEllW761HApIl5DgZI3Y81p6Eve8EePqd8Yc22Eil5wEvNOSAeRCASjaKVuW1kznZ2Ou+VZr1B0S+4cZJ14GSlChmqv8NPuK5aEPEImqTEtz42xM6UaBZN8lm8nhseUjeiAT+e7zsillfokUNq+CMlcXcrR0JhJ6NtkSHFoVr1U/M9rJRjcd6YiihPkEVt8FCSSoCJpcdIXmjOUE0so08JuSNiQasrQnidvq3urRddJvVzybks3z9fFykN2hBycwwVcgQd3UIEnqEINGGh4g0/4ckLn1Xl3PhbRDSebOYMlON9/rhKOeQ==</latexit>

v2

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv

<latexit sha1_base64="2j0sKdVE74JT8yTb7ryACxvMQfU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AP6IpNm2tDMZEjuCKX0K9yIuFHwX/wF/8ZMO5u2HggczjmX3HP9WAqDrvvr5DY2t7Z38ruFvf2Dw6Pi8UnDqEQzXmdKKt3yqeFSRLyOAiVvxZrT0Je86Y8fUr/5wrURKnrGScy7IR1GIhCMopV6HWXNdHaa9CqzfrHklt05yDrxMlKCDLV+8aczUCwJeYRMUmPanhtjd0o1Cib5rNBJDI8pG9Mhn853nZELKw1IoLR9EZK5upSjoTGT0LfJkOLIrHqp+J/XTjC4605FFCfII7b4KEgkQUXS4mQgNGcoJ5ZQpoXdkLAR1ZShPU/BVvdWi66TRqXs3ZSvn65K1fvsCHk4g3O4BA9uoQqPUIM6MNDwBp/w5YTOq/PufCyiOSebOYUlON9/rJWOeA==</latexit>

u2

<latexit sha1_base64="gbzfAl900RwExaLtKgXWd49CSYM=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMkdpZR+hRsRNwr+i7/g35hpZ9PWA4HDOeeSe64fS2HQdX+dtfWNza3t3E5+d2//4LBwdFw3KtGM15iSSjd9argUEa+hQMmbseY09CVv+KP71G88c22Eip5wHPNOSAeRCASjaKVuW1kznZ28dMvTXqHoltwZyCrxMlKEDNVe4afdVywJeYRMUmNanhtjZ0I1Cib5NN9ODI8pG9EBn8x2nZJzK/VJoLR9EZKZupCjoTHj0LfJkOLQLHup+J/XSjC47UxEFCfIIzb/KEgkQUXS4qQvNGcox5ZQpoXdkLAh1ZShPU/eVveWi66SernkXZeuHi+LlbvsCDk4hTO4AA9uoAIPUIUaMNDwBp/w5YTOq/PufMyja042cwILcL7/AK+Pjno=</latexit>

w2 <latexit sha1_base64="NJ4h0L4Rr2tppEv+zpgPbgX+ags=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMmdQin9CjcibhT8F3/BvzHTzqatBwKHc84l91w/lsKg6/46G5tb2zu7ub38/sHh0XHh5LRuVKIZrzEllW761HApIl5DgZI3Y81p6Eve8EePqd8Yc22Eil5wEvNOSAeRCASjaKVuW1kznZ2Ou+VZr1B0S+4cZJ14GSlChmqv8NPuK5aEPEImqTEtz42xM6UaBZN8lm8nhseUjeiAT+e7zsillfokUNq+CMlcXcrR0JhJ6NtkSHFoVr1U/M9rJRjcd6YiihPkEVt8FCSSoCJpcdIXmjOUE0so08JuSNiQasrQnidvq3urRddJvVzybks3z9fFykN2hBycwwVcgQd3UIEnqEINGGh4g0/4ckLn1Xl3PhbRDSebOYMlON9/rhKOeQ==</latexit>

v2

Turbulent stress levels: channel flow DNS Ret = 5200

Data from Lee & Moser (2015)
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Data from Lee & Moser (2015)

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
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0.52              5.2               52              520            5200

<latexit sha1_base64="9Xj8pvCNjqxDyqt3fBdVM/+I5UU=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2XRjcsK9gFtKZlMpg3NTIbkjjCUfoIbETcK/o6/4N+YtrNp64HA4ZwT7j3XT6Qw6Lq/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNJtnxouRcwbKFDydqI5jXzJW/7oYeq3Xrg2QsXPmCW8F9FBLELBKFqpnV10Ay6R9ssVt+rOQFaJl5MK5Kj3yz/dQLE04jEySY3peG6CvTHVKJjkk1I3NTyhbEQHfDzbckLOrBSQUGn7YiQzdSFHI2OyyLfJiOLQLHtT8T+vk2J41xuLOEmRx2w+KEwlQUWmlUkgNGcoM0so08JuSNiQasrQHqZkq3vLRVdJ87Lq3VSvn64qtfv8CEU4gVM4Bw9uoQaPUIcGMJDwBp/w5QycV+fd+ZhHC07+5xgW4Hz/Abyri40=</latexit>

y/�
<latexit sha1_base64="MJmDKkYng+d2XE2p/WK4BHjnT9I=">AAAB4HicbVDLSgMxFL2pr1pfVZdugkUQhDIjvpZFNy4r2ge0tWTSTBuaeZDcEYbSvRsRNwp+kb/g35i2s2nrgcDhnBPuPdeLlTToOL8kt7K6tr6R3yxsbe/s7hX3D+omSjQXNR6pSDc9ZoSSoaihRCWasRYs8JRoeMO7id94EdrIKHzCNBadgPVD6UvO0EqP6fNZt1hyys4UdJm4GSlBhmq3+NPuRTwJRIhcMWNarhNjZ8Q0Sq7EuNBOjIgZH7K+GE0XHNMTK/WoH2n7QqRTdS7HAmPSwLPJgOHALHoT8T+vlaB/0xnJME5QhHw2yE8UxYhO2tKe1IKjSi1hXEu7IeUDphlHe5OCre4uFl0m9fOye1W+fLgoVW6zI+ThCI7hFFy4hgrcQxVqwKEPb/AJX8Qjr+SdfMyiOZL9OYQ5kO8/9V2JTw==</latexit>

y+

<latexit sha1_base64="rrysZI8w7Mg/HuvijH4qC7H8f8k=">AAACAXicbVDLSsNAFJ34rPUVdelmaBFclaT4WhbduKxgH9DUMJlO2rGTTJiHUEJWbvwVNyJuFPwBf8G/cdJm09YLA4dzztyZc4KEUakc59daWV1b39gsbZW3d3b39u2Dw7bkWmDSwpxx0Q2QJIzGpKWoYqSbCIKigJFOML7J9c4TEZLy+F5NEtKP0DCmIcVIGcq3K14oEE49bkz5jlT7VPuPWWaAp5B+qGe+XXVqznTgMnALUAXFNH37xxtwrCMSK8yQlD3XSVQ/RUJRzEhW9rQkCcJjNCTpNEEGTww1gCEX5sQKTtk5H4qknESBcUZIjeSilpP/aT2twqt+SuNEKxLj2UOhZlBxmNcBB1QQrNjEAIQFNT+EeIRMJcqUVjbR3cWgy6Bdr7kXtfO7s2rjuiihBI5BBZwCF1yCBrgFTdACGLyAN/AJvqxn69V6tz5m1hWruHME5sb6/gM4+5fZ</latexit>

uiuj

u2
⌧

Outer scaling Inner scaling

<latexit sha1_base64="P6Ga6mIIJixe3nDdkjE3mYcEUyg=">AAAB7nicbVDLSgMxFL1TX7U+OurSTbAIglJmxKoboejGZQX7gE4tmTRtQzOTIcmIw9DfcCPiRsFP8Rf8G9N2Nm09EDicc8K95/oRZ0o7zq+VW1ldW9/Ibxa2tnd2i/befkOJWBJaJ4IL2fKxopyFtK6Z5rQVSYoDn9OmP7qb+M1nKhUT4aNOItoJ8CBkfUawNlLXLiZPp97QFy/pjXfmVsZdu+SUnSnQMnEzUoIMta794/UEiQMaasKxUm3XiXQnxVIzwum44MWKRpiM8ICm03XH6NhIPdQX0rxQo6k6l8OBUkngm2SA9VAtehPxP68d6/51J2VhFGsaktmgfsyRFmjSHfWYpETzxBBMJDMbIjLEEhNtLlQw1d3FosukcV52L8uVh4tS9TY7Qh4O4QhOwIUrqMI91KAOBGJ4g0/4siLr1Xq3PmbRnJX9OYA5WN9/exuOKA==</latexit>

y+=15

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv

<latexit sha1_base64="2j0sKdVE74JT8yTb7ryACxvMQfU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7AP6IpNm2tDMZEjuCKX0K9yIuFHwX/wF/8ZMO5u2HggczjmX3HP9WAqDrvvr5DY2t7Z38ruFvf2Dw6Pi8UnDqEQzXmdKKt3yqeFSRLyOAiVvxZrT0Je86Y8fUr/5wrURKnrGScy7IR1GIhCMopV6HWXNdHaa9CqzfrHklt05yDrxMlKCDLV+8aczUCwJeYRMUmPanhtjd0o1Cib5rNBJDI8pG9Mhn853nZELKw1IoLR9EZK5upSjoTGT0LfJkOLIrHqp+J/XTjC4605FFCfII7b4KEgkQUXS4mQgNGcoJ5ZQpoXdkLAR1ZShPU/BVvdWi66TRqXs3ZSvn65K1fvsCHk4g3O4BA9uoQqPUIM6MNDwBp/w5YTOq/PufCyiOSebOYUlON9/rJWOeA==</latexit>

u2

<latexit sha1_base64="gbzfAl900RwExaLtKgXWd49CSYM=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMkdpZR+hRsRNwr+i7/g35hpZ9PWA4HDOeeSe64fS2HQdX+dtfWNza3t3E5+d2//4LBwdFw3KtGM15iSSjd9argUEa+hQMmbseY09CVv+KP71G88c22Eip5wHPNOSAeRCASjaKVuW1kznZ28dMvTXqHoltwZyCrxMlKEDNVe4afdVywJeYRMUmNanhtjZ0I1Cib5NN9ODI8pG9EBn8x2nZJzK/VJoLR9EZKZupCjoTHj0LfJkOLQLHup+J/XSjC47UxEFCfIIzb/KEgkQUXS4qQvNGcox5ZQpoXdkLAh1ZShPU/eVveWi66SernkXZeuHi+LlbvsCDk4hTO4AA9uoAIPUIUaMNDwBp/w5YTOq/PufMyja042cwILcL7/AK+Pjno=</latexit>

w2

<latexit sha1_base64="NJ4h0L4Rr2tppEv+zpgPbgX+ags=">AAAB63icbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KCfUBfZNJMG5qZDMmdQin9CjcibhT8F3/BvzHTzqatBwKHc84l91w/lsKg6/46G5tb2zu7ub38/sHh0XHh5LRuVKIZrzEllW761HApIl5DgZI3Y81p6Eve8EePqd8Yc22Eil5wEvNOSAeRCASjaKVuW1kznZ2Ou+VZr1B0S+4cZJ14GSlChmqv8NPuK5aEPEImqTEtz42xM6UaBZN8lm8nhseUjeiAT+e7zsillfokUNq+CMlcXcrR0JhJ6NtkSHFoVr1U/M9rJRjcd6YiihPkEVt8FCSSoCJpcdIXmjOUE0so08JuSNiQasrQnidvq3urRddJvVzybks3z9fFykN2hBycwwVcgQd3UIEnqEINGGh4g0/4ckLn1Xl3PhbRDSebOYMlON9/rhKOeQ==</latexit>

v2

<latexit sha1_base64="sQ3fMLTxFbM1Mtp9tzJgPNHmeFo=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NTMbkTqGU/oQbETcKfoy/4N+YaWfT6oHA4ZxzyT03SKQw6Lo/TmFtfWNzq7hd2tnd2z8oHx41jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoPvNbY66NUPETThLuR3QQi1Awilbyu8qa2ew0Hc965Ypbdecgf4mXkwrkqPfK392+YmnEY2SSGtPx3AT9KdUomOSzUjc1PKFsRAd8Ol91Rs6s1Ceh0vbFSObqUo5GxkyiwCYjikOz6mXif14nxfDWn4o4SZHHbPFRmEqCimS9SV9ozlBOLKFMC7shYUOqKUN7nZKt7q0W/UuaF1Xvunr1eFmp3eVHKMIJnMI5eHADNXiAOjSAwTO8wgd8OtJ5cd6c90W04OQzx7AE5+sXXBeOVA==</latexit>

uv
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Turbulent stress levels: channel flow DNS Ret = 5200



Scaling the turbulence: the ATached Eddy Hypothesis

Townsend (1976)

Townsend: “In other words, the velocity fields of the 
main eddies, regarded as persistent, organized flow 
patterns, extend to the wall and, in a sense, they are 
attached to the wall.”



Perry: In this theory, wall turbulence is considered to 
consist of a 'forest' of randomly positioned horseshoe, 
hairpin or L-shaped vortices that lean in the 
streamwise direction and have their legs extending to 
the wall.

Theodorsen (1952)

Townsend (1976)

Perry & Chong (1982)

Townsend: “In other words, the velocity fields of the 
main eddies, regarded as persistent, organized flow 
patterns, extend to the wall and, in a sense, they are 
attached to the wall.”

Scaling the turbulence: the ATached Eddy Hypothesis



• The model is inviscid (high Reynolds number), and considers a superposition of geometrically self-
similar, attached eddies 

• The eddies cover a wide range of scales, but each scale is proportional to the distance from the wall

• The eddies have the same characteristic velocity scale

• At high enough Reynolds number, the model is designed to give

• Model applies in the constant stress (logarithmic) region 

Townsend/Perry Attached Eddy Model

�uv/u2
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At high Reynolds number, 
the model then predicts:
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Need accurate 
measurements at high 
Reynolds number



• The model is inviscid (high Reynolds number), and considers a superposition of geometrically self-
similar, attached eddies 

• The eddies cover a wide range of scales, but each scale is proportional to the distance from the wall

• The eddies have the same characteristic velocity scale

• At high enough Reynolds number, the model is designed to give

• Model applies in the constant stress (logarithmic) region 

Townsend/Perry ATached Eddy Model
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• MEMS construcLon
• Free-standing Pt ribbon
• 0.1 x 2 μm cross-secLon
• 30 or 60 μm sensing length
• Frequency response > 150kHz

Nano-Scale Thermal Anemometry Probe (NSTAP)

Wire

Bailey et al. (2010) 
Vallikivi , Bailey, Hultmark & Smits (2011) 

Vallikivi & Smits (2014)
Hutchins, Monty, Hultmark, Smits (2015)

60 um
Marcus Hultmark



• NSTAP measurements established, 
unambiguously for the first Lme, the 
log law in the turbulence

• This is a key result in the AJached Eddy 
Model of Townsend/Perry

• Holds for pipes and boundary layers, 
with the same slope (A1=-1.25)

Hultmark , Vallikivi, Bailey & Smits (2012)
Marusic, Monty, Hultmark & Smits (2013)

Vallikivi, Hultmark & Smits (2015)

Data for y+ > 100

y/�
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+ Increasing Re+
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Superpipe turbulence data (NSTAP)
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Boundary layer vs. pipe flow

Vallikivi, Hultmark & Smits (2015)

Hultmark, Vallikivi, Bailey & Smits (2013)

Fluctuations Mean

Superpipe
Re+ = 98,000
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HRTF Boundary layer
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Marusic, Monty, Hultmark & Smits (2012)

A universal log law for turbulence?

(ABL)

(BL)

(BL)

y/R



NSTAP measurements in the Melbourne tunnel

Samie , Marusic, Hutchins, Fan, Fu, Hultmark & Smits (2018)
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Samie , Marusic, Hutchins, Fan, Fu, Hultmark & Smits (2018)
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The “inner” peak near y+=15 grows 
with Reynolds number
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<latexit sha1_base64="dKhwo7PcfjtzGfCnU7eK2PCtacI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjFPCBZwuykNxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY/lgRgn6Ee1LHnJGjZVa99jtGJqSbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15dF6cd+dj1rrk5DMH8AfO5w+WNI+w</latexit>

Re⌧

<latexit sha1_base64="dKhwo7PcfjtzGfCnU7eK2PCtacI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjFPCBZwuykNxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY/lgRgn6Ee1LHnJGjZVa99jtGJqSbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15dF6cd+dj1rrk5DMH8AfO5w+WNI+w</latexit>

Re⌧

DNS (Sillero et al. (2013)
<latexit sha1_base64="XvDKyMNB+c5XGn5lE1Nd8Q4Yn/E=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXEiZKVbdCEU3LqvYB3SGIZOmbWgmGZKMWMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57wphRpR3n28otLC4tr+RXC2vrG5tb9vZOQ4lEYlLHggnZCpEijHJS11Qz0oolQVHISDMcXI395j2Rigp+p4cx8SPU47RLMdJGCuy9WxJ4GiXQ64fiIb3wjssVxxkFdtEpORPAeeJmpAgy1AL7y+sInESEa8yQUm3XibWfIqkpZmRU8BJFYoQHqEfahnIUEeWnk/tH8NAoHdgV0hTXcKL+nkhRpNQwCk1nhHRfzXpj8T+vnejuuZ9SHieacDxd1E0Y1AKOw4AdKgnWbGgIwpKaWyHuI4mwNpEVTAju7MvzpFEuuaelys1JsXqZxZEH++AAHAEXnIEquAY1UAcYPIJn8ArerCfrxXq3PqatOSub2QV/YH3+AEnklP4=</latexit>

Re⌧=2500

NSTAP measurements in the Melbourne tunnel



Growth of the inner peak

Samie , Marusic, Hutchins, Fan, Fu, Hultmark & Smits (2018)

DNS: Lee & Moser (2015)

y+

u2
+

DNS (Sillero et al. (2013)

<latexit sha1_base64="CNQEhYa8+Wo468XIBl9BqSeRBZ0=">AAAB/XicbVDLSgMxFM34rPU1PnZugkUQhDJTFF0W3bisYB/QTodMmmlDM8mQZIQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7g3J4gZVdpxvq2l5ZXVtfXSRnlza3tn197bbymRSEyaWDAhOwFShFFOmppqRjqxJCgKGGkH45vcbz8Qqajg93oSEy9CQ05DipE2km8f9oSx83SaJn7cr2X9s8y3K07VmQIuErcgFVCg4dtfvYHASUS4xgwp1XWdWHspkppiRrJyL1EkRniMhqRrKEcRUV46vT6DJ0YZwFBI87iGU/V3IkWRUpMoMJMR0iM17+Xif1430eGVl1IeJ5pwPFsUJgxqAfMq4IBKgjWbGIKwpOZWiEdIIqxNYWVTgjv/5UXSqlXdi6pzd16pXxd1lMAROAanwAWXoA5uQQM0AQaP4Bm8gjfryXqx3q2P2eiSVWQOwB9Ynz/sApWE</latexit>

u2
p
+

<latexit sha1_base64="jrtCTLEk+Mse1AR6k6iGfTuIVXY=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARXJQyqbXWhVB047KKrYXOMGTSTBuauZBkhDL0Jdz4Km5cKOJWcOfbmLaz0NYfAh//OYeT83sxZ1JZ1reRW1peWV3Lrxc2Nre2d8zdvbaMEkFoi0Q8Eh0PS8pZSFuKKU47saA48Di994ZXk/r9AxWSReGdGsXUCXA/ZD4jWGnLNUu31LUVTuAFrKHKSQnaJYgsZFkzqtbqGZ1rcs2iVbamgouAMiiCTE3X/LJ7EUkCGirCsZRdZMXKSbFQjHA6LtiJpDEmQ9ynXY0hDqh00ulVY3iknR70I6FfqODU/T2R4kDKUeDpzgCrgZyvTcz/at1E+XUnZWGcKBqS2SI/4VBFcBIR7DFBieIjDZgIpv8KyQALTJQOsqBDQPMnL0K7Uka18ulNtdi4zOLIgwNwCI4BAmegAa5BE7QAAY/gGbyCN+PJeDHejY9Za87IZvbBHxmfP8jPmEs=</latexit>

Re⌧ = 6123, 10100, 14680, 19680

<latexit sha1_base64="dKhwo7PcfjtzGfCnU7eK2PCtacI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjFPCBZwuykNxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY/lgRgn6Ee1LHnJGjZVa99jtGJqSbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15dF6cd+dj1rrk5DMH8AfO5w+WNI+w</latexit>

Re⌧

<latexit sha1_base64="Z/7otXRjbdLqmbinwC3futPXcao=">AAACFXicbVDLSgMxFM34rPU16tJNsAhCZZipbXUjFN24rGIf0GmHTJq2oZnMkGSEMsxPuPFX3LhQxK3gzr8xfSy09UDgcM493NzjR4xKZdvfxtLyyuraemYju7m1vbNr7u3XZRgLTGo4ZKFo+kgSRjmpKaoYaUaCoMBnpOEPr8d+44EISUN+r0YRaQeoz2mPYqS05JmnbqjtcTpJYi/qFNJOPr08s0rFvG2Vi2XoMp7cEc9VKE49M2db9gRwkTgzkgMzVD3zy+2GOA4IV5ghKVuOHal2goSimJE068aSRAgPUZ+0NOUoILKdTK5K4bFWurAXCv24ghP1dyJBgZSjwNeTAVIDOe+Nxf+8Vqx6F+2E8ihWhOPpol7MoArhuCLYpYJgxUaaICyo/ivEAyQQVrrIrC7BmT95kdQLllO2SrfFXOVqVkcGHIIjcAIccA4q4AZUQQ1g8AiewSt4M56MF+Pd+JiOLhmzzAH4A+PzB2VVnbQ=</latexit>

u2
p
+ = 3.54 + 0.646 lnRe⌧

<latexit sha1_base64="dKhwo7PcfjtzGfCnU7eK2PCtacI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjFPCBZwuykNxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY/lgRgn6Ee1LHnJGjZVa99jtGJqSbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15dF6cd+dj1rrk5DMH8AfO5w+WNI+w</latexit>

Re⌧

<latexit sha1_base64="dKhwo7PcfjtzGfCnU7eK2PCtacI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjFPCBZwuykNxkyO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY/lgRgn6Ee1LHnJGjZVa99jtGJqSbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTeMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5HnS4wqZESNLKFPc3krYgCrKjI2oaEPw5l9eJI3TindROb87K1ev8zgKcAhHcAIeXEIVbqEGdWAg4Ble4c15dF6cd+dj1rrk5DMH8AfO5w+WNI+w</latexit>

Re⌧

<latexit sha1_base64="XvDKyMNB+c5XGn5lE1Nd8Q4Yn/E=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXEiZKVbdCEU3LqvYB3SGIZOmbWgmGZKMWMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57wphRpR3n28otLC4tr+RXC2vrG5tb9vZOQ4lEYlLHggnZCpEijHJS11Qz0oolQVHISDMcXI395j2Rigp+p4cx8SPU47RLMdJGCuy9WxJ4GiXQ64fiIb3wjssVxxkFdtEpORPAeeJmpAgy1AL7y+sInESEa8yQUm3XibWfIqkpZmRU8BJFYoQHqEfahnIUEeWnk/tH8NAoHdgV0hTXcKL+nkhRpNQwCk1nhHRfzXpj8T+vnejuuZ9SHieacDxd1E0Y1AKOw4AdKgnWbGgIwpKaWyHuI4mwNpEVTAju7MvzpFEuuaelys1JsXqZxZEH++AAHAEXnIEquAY1UAcYPIJn8ArerCfrxXq3PqatOSub2QV/YH3+AEnklP4=</latexit>

Re⌧=2500



Why does the inner peak grow with Reynolds number?

Smits, Hultmark, Lee, Pirozzoli & Wu (2021)

How far can we get analy>cally?

How about a Taylor series expansion for small      :

<latexit sha1_base64="YCVdJBlVt78npJK0gXA50NNGyhI="></latexit>

(U + u)+ = a1 + b1y
+ + c1y

+2
+ d1y

+3
+O(y+

4
)

<latexit sha1_base64="K40veg9dFscZO0UJH2Z0oMRYNNM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE0WPRi8eK9gPaWDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cS1EbF6wFHC/Yj2lQgFo2il+9HjabdUdivuFGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0M+oRsEkHxc7qeEJZUPa521LFY248bPpqWNybJUeCWNtSyGZqr8nMhoZM4oC2xlRHJh5byL+57VTDK/8TKgkRa7YbFGYSoIxmfxNekJzhnJkCWVa2FsJG1BNGdp0ijYEb/7lRdI4q3gXFffuvFy9zuMowCEcwQl4cAlVuIUa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx8D642e</latexit>

y+

➟ find using DNS

➟ 
<latexit sha1_base64="YH+4I8/xu0hBkyixAzkhBKKTLk0="></latexit>

u2+ = fu2 y+
2

(y+ ! 0)

<latexit sha1_base64="BRvDJD0nZE78K+grlt+vRjNIgNU=">AAACB3icbVBLSwMxGMzWV62vVY+CBItQL2W3KHoRil48VrAP6K5LNs22odlkSbJCWXrz4l/x4kERr/4Fb/4b03YP2joQGGbmS/JNmDCqtON8W4Wl5ZXVteJ6aWNza3vH3t1rKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfD64nffiBSUcHv9Cghfoz6nEYUI22kwD6Mgiy9r42hByuX0BMmO7kqCwPXqCeBXXaqzhRwkbg5KYMcjcD+8noCpzHhGjOkVNd1Eu1nSGqKGRmXvFSRBOEh6pOuoRzFRPnZdI8xPDZKD0ZCmsM1nKq/JzIUKzWKQ5OMkR6oeW8i/ud1Ux1d+BnlSaoJx7OHopRBLeCkFNijkmDNRoYgLKn5K8QDJBHWprqSKcGdX3mRtGpV96zq3J6W61d5HUVwAI5ABbjgHNTBDWiAJsDgETyDV/BmPVkv1rv1MYsWrHxmH/yB9fkDBM2YIQ==</latexit>

fu2 (= b21)



Channel flow DNS

<latexit sha1_base64="m5EyrshfFK+Hr0GQwa3wu5BvLiM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ildtjP0sfatF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmnVqt5l1b2/qNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wdF7I+G</latexit>

fu2

<latexit sha1_base64="9PevnF8HZCW/gyY4yA4AuMfm9aw=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARuiglkaa2C6HoxmUVe4EmhMl02g6dXJiZCCX0Fdz4Km5cKOLWnTvfxmmahbb+MPDxn3M4c34vYlRIw/jWcmvrG5tb+e3Czu7e/oF+eNQRYcwxaeOQhbznIUEYDUhbUslIL+IE+R4jXW9yPa93HwgXNAzu5TQijo9GAR1SjKSyXL10R1xbohheQqtaLUO7DE3DMBbQaFgpWGa95upFo2KkgqtgZlAEmVqu/mUPQhz7JJCYISH6phFJJ0FcUszIrGDHgkQIT9CI9BUGyCfCSdKLZvBMOQM4DLl6gYSp+3siQb4QU99TnT6SY7Fcm5v/1fqxHNadhAZRLEmAF4uGMYMyhPN44IBygiWbKkCYU/VXiMeIIyxViAUVgrl88ip0zitmrWLdVovNqyyOPDgBp6AETHABmuAGtEAbYPAInsEreNOetBftXftYtOa0bOYY/JH2+QPtGZdk</latexit>

Re⌧ = 544, 1000, 1995, 5186

Data from Lee & Moser (2015)



f-scaling

Data collapse for 0<y+<20, including peak

<latexit sha1_base64="921vEd8UFK26TIkGSwgfI5Cb8S8="></latexit>

fu2 =

 
u2+

y2+

!

y!0

(see also Chen & Sreenivasan 2021)

<latexit sha1_base64="fUnCmdVFzMV45C/hMMzvf2Eg+Nk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKU+tgIRTcuK9gHtGmYTCft0MkkzEyEErJ246+4caGIW7/AnX/jpM1CWw8MHM65hzv3eBGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS98U3mtx+IkDTk92oSESdAQ059ipHSkmse9kJtZ+kkifvV1I36pym8grVz6LszxSxbFWsKuEjsnJRBjoZrfvUGIY4DwhVmSMqubUXKSZBQFDOSlnqxJBHCYzQkXU05Coh0kukpKTzWygD6odCPKzhVfycSFEg5CTw9GSA1kvNeJv7ndWPlXzoJ5VGsCMezRX7MoAph1gscUEGwYhNNEBZU/xXiERIIK91eSZdgz5+8SFrVin1Wse5q5fp1XkcRHIAjcAJscAHq4BY0QBNg8AiewSt4M56MF+Pd+JiNFow8sw/+wPj8AQdvmc8=</latexit>

u2+
p = 46fu2

Channel flow DNS



Experiments at high Reynolds number

Experiment

Melbourne boundary layer experiment (Samie et al. 2018)

y+

u2
+

Experimental data

f-scaling

Data collapse for 0<y+<50



What does it mean?

• Wall stress scaling

• Modulation and superimposition 
of the near-wall motions by large 
outer scale motions

 

• Determines scaling for entire near-
wall region

<latexit sha1_base64="mvbPEF6BjwMKrO35pwCvtCBt24c="></latexit>

Marusic et al. (2010)

Örlü & Schlatter (2011)

Mathis et al. (2013)

Agostini & Leschziner (2016, 2018)

Yang & Lozano-Duráan (2013)

Lee & Moser (2019)

Scale decomposi2on

<latexit sha1_base64="LO/bin9olI4kCGjCcPDHK8wUdbI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklE0WPRi8cqpi20sWy2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr64WN4ubW9s5uaW+/rpNMMfRZIhLVDKlGwSX6hhuBzVQhjUOBjXBwM/EbT6g0T+SDGaYYxLQnecQZNVby7/HxlHRKZbfiTkEWiZeTMuSodUpf7W7CshilYYJq3fLc1AQjqgxnAsfFdqYxpWxAe9iyVNIYdTCaHjsmx1bpkihRtqQhU/X3xIjGWg/j0HbG1PT1vDcR//NamYmughGXaWZQstmiKBPEJGTyOelyhcyIoSWUKW5vJaxPFWXG5lO0IXjzLy+S+lnFu6i4d+fl6nUeRwEO4QhOwINLqMIt1MAHBhye4RXeHOm8OO/Ox6x1yclnDuAPnM8f3kOOEA==</latexit>

Re+

Small scale 
contribution

Large scale 
contribution

<latexit sha1_base64="qj2y2zlkA59DZ2TbmdKBAu6z7Fw="></latexit>

fu2 =

✓
@u+

@y+

◆2

w

=
⌧ 0wx

2

⌧2w



<latexit sha1_base64="mvbPEF6BjwMKrO35pwCvtCBt24c="></latexit>

Marusic et al. (2010)

Örlü & Schlatter (2011)

Mathis et al. (2013)

Agostini & Leschziner (2016, 2018)

Yang & Lozano-Duráan (2013)

Lee & Moser (2019)

Scale decomposition

<latexit sha1_base64="LO/bin9olI4kCGjCcPDHK8wUdbI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQklE0WPRi8cqpi20sWy2k3bpZhN2N0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr64WN4ubW9s5uaW+/rpNMMfRZIhLVDKlGwSX6hhuBzVQhjUOBjXBwM/EbT6g0T+SDGaYYxLQnecQZNVby7/HxlHRKZbfiTkEWiZeTMuSodUpf7W7CshilYYJq3fLc1AQjqgxnAsfFdqYxpWxAe9iyVNIYdTCaHjsmx1bpkihRtqQhU/X3xIjGWg/j0HbG1PT1vDcR//NamYmughGXaWZQstmiKBPEJGTyOelyhcyIoSWUKW5vJaxPFWXG5lO0IXjzLy+S+lnFu6i4d+fl6nUeRwEO4QhOwINLqMIt1MAHBhye4RXeHOm8OO/Ox6x1yclnDuAPnM8f3kOOEA==</latexit>

Re+

Small scale 
contribu_on

Large scale 
contribution

<latexit sha1_base64="qj2y2zlkA59DZ2TbmdKBAu6z7Fw="></latexit>

fu2 =

✓
@u+

@y+

◆2

w

=
⌧ 0wx

2

⌧2w

• Wall stress scaling

• Modula>on and superimposi>on 
of the near-wall mo>ons by large 
outer scale mo>ons

 

• Determines scaling for en>re near-
wall region

What does it mean?



Summary

Mean flow

• Inner and outer scaling
• Log-law widely accepted but only 

appears at high Reynolds number
• Power law blends viscous sublayer to 

log law
• Outer layer has two velocity scales at 

low Reynolds number, ut and uZS

Turbulence

• Outer scaling works well
• In overlap region, log-law in u2 and w2, 

but v2 and –uv are constant
• Near wall intensity in u2 grows with 

Reynolds number due to modulation 
and superimposition of the near-wall 
motions by large outer scale motions

• Wall stress determines scaling for entire 
near-wall region

• Outer peak in u2 appears at high 
Reynolds number

• Pipe, channel and boundary layer flows obey similar scaling
• Some differences exist, primarily in the nature of the outer-layer eddy structure



Reynolds number scaling

• Need Ret > 10,000 to understand high Reynolds number 
behavior 

• Experiments were the only way to get high Reynolds 
numbers, but DNS is coming along (quickly)

Summary



Reynolds number scaling

• Need Re+ > 10,000 to understand high Reynolds number 
behavior 

• Experiments were the only way to get high Reynolds 
numbers, but DNS is coming along (quickly)

Effort ~ O(Ret3) for IHT

Coleman & Sandberg (2010)

Summary

DNS of channel flow
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Direct Numerical Simulations 
(DNS)
• 3D, time-resolved
• No model: captures all scales
• Accuracy limited only by numerical 

scheme, grid size/spacing, domain size
• Expensive, slow

•  Cost > O(Re3)
• Research tool

CompuCng turbulent wall-bounded flows

Large Eddy Simulations (LES)
• 3D, time-resolved

• Model sub-grid scales
• Accuracy limited by model, grid 

size/spacing, domain size, wall 
treatment

• Medium expensive, medium fast

• Cost (wall-modeled) ~O(Re) 
• Research tool transitioning to a design 

tool (Goc et al. 2021)

Reynolds-Averaged Navier-
Stokes (RANS)
• 3D, steady or quasi-steady
• Model all turbulent scales (Boussinesq)
• Accuracy limited by model, numerical 

scheme, grid size/spacing, wall-
func_ons, etc. (ERCOFTAC)

• Cheap, fast 
• Design tool for industry

Wu & Moin (2009)

Goc et al. (2021)

Volpiani et al. (2021)

DNS

RANS



Very useful for examining near-wall 
behavior, although DNS Reynolds 
numbers) the outer layer influence is 
muted
Captures scaling of spanwise and wall-
normal stresses)
In-depth spectral analysis (e.g., 2D 
spectra, true wavenumber spectra)
Great for tesLng spaLal and temporal 
content
Not very useful for examining high 
Reynolds number behavior (e.g., log law 
constants, log-law in streamwise stress, 
inner peak, outer peak)
Need Ret > 10,000 to understand high 
Reynolds number behavior 

Direct Numerical Simulations

DNS of boundary layer flow

Wu & Moin (2009)

Effort ~ O(Ret3) for IHT

2.1 x 108 points, Ret max 460



First DNS of a wall-boundary flow
Time evolution of channel flow with 
periodic boundary conditions 
Robinson (1991) Ret = 300 case

<latexit sha1_base64="o/d/E1sjeJKKMAJZCSXhXuJ1UCw="></latexit>

Re⌧ = 170, 300, 650 (Spalart 1988)

3.2 to 9.4 x 106 points



Outer region

Near the wall

Near-wall region
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u0 (+ve and -ve)

1.8 x 1010 points
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Re⌧ = 2000 (Hoyas & Jiménez 2011)



Channel flow (Ret = 10,000)
Domain 8ph x 2h x 3ph

Pipe flow (Ret = 6000)
Domain 10-15pR

Boundary layer (Ret = 2000)
TransiLon

Typical resoluLon near the wall Dx+ =10, 
Dy+ =0.2, Dz+ =5

Need Ret > 10,000 to understand high Reynolds number behavior 

Direct Numerical Simulations

DNS of channel flow
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Example: channel flow 
Domain 4ph x 2h x 2ph
Wall-resolved (WRLES):

Turbulence resolved all the way to the 
wall, with typical resoluLon near the wall 
Dx+ =15, Dy+ =??, Dz+ =20
ComputaLonal cost ??

Wall-modeled (WMLES):
Turbulence not resolved for y/d < 0.1-0.2
For y/d < 0.1-0.2, use a wall-stress model, 
or a RANS model
ABL solvers typically impose a log-law for 
the mean flow, since the first grid point is 
typically already in the log region
ComputaLonal cost ??

Need to choose a filter function with length scale  D
Many choices: box, spectral, Gaussian, etc.

Need to choose a sub-grid scale model
Example, dynamic Smagorinsky

Rodriguez (2019)

Large Eddy Simulations



Smagorinsky (1963) atmospheric flows
Deardorff (1970) channel flow
Schumann (1975)
Leonard (1975)
Kim & Moin (1979)
Piomelli (1989) – wall modeling
Spalart et al. (1997) – detached eddy simulaLon

Large Eddy Simulation milestones/people

Joseph Smagorinsky

John Kim Parviz Moin Philippe Spalart

James Deardorff Ulrich Schumann

Anthony Leonard Ugo Piomelli



Consider the unsteady, incompressible momentum equation for turbulent flow
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ui = ui + u0
iDecompose velocity in large-scale component + small-scale component:

Need to define a filter funcLon (can be different in all three direcLons).  The filter width D is typically 2x 
the grid spacing.  Filtered equaLon:

Piomelli (1987)

Leonard (1975):

Leonard stresses (interactions among large scales)

Reynolds stress-like term (interac_ons among sub-filter scales)

Backscatter stresses (interactions between large and small scales)
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⌧ij = Lij + Cij +Rij

tij needs to be modeled
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Large Eddy Simulations



Basically, an eddy viscosity approach:

Smagorinsky sub-grid scale model

ProducLon

Piomelli (1987)
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⌧ij = �⌫T S̄ij

DissipaLon
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Here,      is a length scale representative of a SGS eddy, so 
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Small-scale

Hence, Smagorinsky-Lilly SGS model
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which ensures the proper behavior for the SGS Reynolds stress ⌧12 near the wall (⌧12 ⇠ y+
3
)

<latexit sha1_base64="h9utgFstY+jyukjalPL5mVw9d5w="></latexit>

⌫T = C 0�2
q

2S̄ijS̄ij = C�2|S̄ij |



Comparing turbulence models

Rodriguez (2019)

DNS: “exact” solution

LES: solution without
 small eddies

RANS: solution without
 any eddies (mean flow 
 only)
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At present, RANS is the best we can do for industrial flows



CFD Support

DDS

URANS: soluLon without
 small eddies

RANS: solution without
 any eddies (mean flow 
 only)
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At present, RANS is the best we can do for industrial flows

Comparing turbulence models



• RANS models use Reynolds decomposition to derive equations for the mean momentum 
and the time-averaged turbulent stresses

• Essentially  a steady flow model (although unsteady versions exist (URANS)
• Many different versions are in use
• All versions use the Boussinesq approximation where higher order quantities are modeled 

as gradients of lower order quantities (eddy viscosity models)
• All use the isotropic estimate for the dissipation

Reynolds-Averaged Navier-Stokes
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u2, v2, w2, �uv, ...

• One equation for turbulence
• e.g., TKE (k-e), vorticity (k, w)

• One equation for length scale
• Dissipation length scale Le

• One equaLon for each turbulent stress 
component (up to 6 equaLons)

• One equaLon for length scale
• DissipaLon length scale Le

Two equation models Reynolds stress models

See also https://www.youtube.com/watch?v=zIQpxmLwbXQ&ab_channel=SteveBrunton



• For steady (or quasi-steady) flow, Reynolds decomposiLon gives the following mean momentum equaLons:

RANS: mean momentum equations

<latexit sha1_base64="0KFdjpDHNJGMcWJG5W8AOnz/iDw="></latexit>
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<latexit sha1_base64="1RoUvOEr6/qmCCZiXaCV2e/ETiQ=">AAACE3icbVC7TsMwFHXKq5RXgJHFokJCDFWCeI0VLIxFog+pjSLHuW1NHTuyHUQV9R9Y+BUWBhBiZWHjb0jaDtByLEtH59wr+5wg5kwbx/m2CguLS8srxdXS2vrG5pa9vdPQMlEU6lRyqVoB0cCZgLphhkMrVkCigEMzGFzlfvMelGZS3JphDF5EeoJ1GSUmk3z7qGNI4qfsboRxJz/9QD6kAiDU2EgcAI5kCBzCUcm3y07FGQPPE3dKymiKmm9/dUJJkwiEoZxo3Xad2HgpUYZRDqNSJ9EQEzogPWhnVJAItJeOM43wQaaEuCtVdoXBY/X3RkoirYdRkE1GxPT1rJeL/3ntxHQvvJSJODEg6OShbsLztHlBOGQKqOHDjBCqWPZXTPtEEWqyGvMS3NnI86RxXHHPKqc3J+Xq5bSOItpD++gQuegcVdE1qqE6ougRPaNX9GY9WS/Wu/UxGS1Y051d9AfW5w+iU51j</latexit>

⌧ij needs to be modeled



• For steady flow, the 2D incompressible 
turbulent boundary layer equation is 
given by:

Reynolds shear stress 
(needs to be modeled)

Total stress

<latexit sha1_base64="/ozrLlAJb1CMy22eooo2vv3MmGY=">AAACIHicbVBPS8MwHE3nvzn/VT16CQ7Bi6MVdV6EoRePE+w2WMtIs2wLS9OSpINR+lG8+FW8eFBEb/ppTLuCuvkg8Hjv/ZL8nh8xKpVlfRqlpeWV1bXyemVjc2t7x9zda8kwFpg4OGSh6PhIEkY5cRRVjHQiQVDgM9L2xzeZ354QIWnI79U0Il6AhpwOKEZKSz2zfuKG2s/Gk3iSXrk87ikIk8SNkFAUMeikMI/AH2mapj2zatWsHHCR2AWpggLNnvnh9kMcB4QrzJCUXduKlJdkN2JG0oobSxIhPEZD0tWUo4BIL8kXTOGRVvpwEAp9uIK5+nsiQYGU08DXyQCpkZz3MvE/rxurwaWXUB7FinA8e2gQM6hCmLUF+1QQrNhUE4QF1X+FeIQEwkp3WtEl2PMrL5LWac2+qJ3fnVUb10UdZXAADsExsEEdNMAtaAIHYPAAnsALeDUejWfjzXifRUtGMbMP/sD4+gb3QaQa</latexit>

�uv = ⌫t
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@y
Prandtl’s eddy viscosity

In the log region

Near-wall region for zero pressure gradient flow

1005

Boundary layer equations



• For steady (or quasi-steady) flow, Reynolds decomposiLon gives the following turbulent stress equaLon:

Transport term
(sums to zero across the 

shear layer)

<latexit sha1_base64="PZD4Ud0YlrTWO2Xy8PENu//YK48="></latexit>
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Production
(energy extracted from 
the mean flow by the 

turbulence)

Dissipation

Pressure diffusion
(net loss of turbulent 

energy by work done in 
transporLng fluid 
through regions of 
changing pressure 

gradient)  

Tendency to isotropy
(transfer of turbulent 

energy to other 
components)  

Similar equaLons can be derived for the other stress components 

RANS: turbulent stress equations



• Summing the normal stress equaLons gives the TKE or k-equaLon:

Production
(energy extracted from 
the mean flow by the 

turbulence)

Dissipation
(closely equal to the 

dissipation of mean flow 
kinetic energy into heat)

Pressure diffusion
(net loss of turbulent energy by work 

done in transporting fluid through 
regions of changing pressure gradient)  

All terms on the RHS need to be modeled in terms of 

<latexit sha1_base64="ga426Y1CliS/A2oXwDGfxIm6pGY="></latexit>
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Mean advection

Turbulent advecLon
(rate of transport of TKE 

by the turbulence)
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Turbulence Kinetic Energy (TKE) equations



• Boussinesq's hypothesis is that the turbulent stresses are related to the mean velocity gradients in a way 
that is similar to the way viscous stresses are related to the complete velocity gradients.

The Boussinesq approximation

<latexit sha1_base64="JvDXV8txjJDGW5faYZkCykTJvg0="></latexit>
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<latexit sha1_base64="MATFpu0oZYta3pn3L60RVL/wbQg="></latexit>
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<latexit sha1_base64="sHlj+sD4M6Qq0lOlBWTETOBswdw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kon4WhbduKxgH9CEMJlO26GTSTpzUyih4MZfceNCEbf+hDv/xmmbhbYeuHDmnHuZe0+YCK7Bcb6tpeWV1bX1wkZxc2t7Z9fe26/rOFWU1WgsYtUMiWaCS1YDDoI1E8VIFArWCPu3E78xZErzWD7AKGF+RLqSdzglYKTAPvRkGgD22CDlQ+zpgYKsPzZvIQK75JSdKfAicXNSQjmqgf3ltWOaRkwCFUTrlusk4GdEAaeCjYteqllCaJ90WctQSSKm/Wx6wxifGKWNO7EyJQFP1d8TGYm0HkWh6YwI9PS8NxH/81opdK79jMskBSbp7KNOKjDEeBIIbnPFKIiRIYQqbnbFtEcUoWBiK5oQ3PmTF0n9rOxeli/uz0uVmzyOAjpCx+gUuegKVdAdqqIaougRPaNX9GY9WS/Wu/Uxa12y8pkD9AfW5w8XMZfT</latexit>
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Definition of eddy viscosity

Definition of length scale

2D example:

<latexit sha1_base64="kxMtCE6oBhVSeNd60+76HUaJAjk="></latexit>
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<latexit sha1_base64="/ozrLlAJb1CMy22eooo2vv3MmGY=">AAACIHicbVBPS8MwHE3nvzn/VT16CQ7Bi6MVdV6EoRePE+w2WMtIs2wLS9OSpINR+lG8+FW8eFBEb/ppTLuCuvkg8Hjv/ZL8nh8xKpVlfRqlpeWV1bXyemVjc2t7x9zda8kwFpg4OGSh6PhIEkY5cRRVjHQiQVDgM9L2xzeZ354QIWnI79U0Il6AhpwOKEZKSz2zfuKG2s/Gk3iSXrk87ikIk8SNkFAUMeikMI/AH2mapj2zatWsHHCR2AWpggLNnvnh9kMcB4QrzJCUXduKlJdkN2JG0oobSxIhPEZD0tWUo4BIL8kXTOGRVvpwEAp9uIK5+nsiQYGU08DXyQCpkZz3MvE/rxurwaWXUB7FinA8e2gQM6hCmLUF+1QQrNhUE4QF1X+FeIQEwkp3WtEl2PMrL5LWac2+qJ3fnVUb10UdZXAADsExsEEdNMAtaAIHYPAAnsALeDUejWfjzXifRUtGMbMP/sD4+gb3QaQa</latexit>
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Prandtl’s eddy viscosity

Prandtl’s mixing length

Incompressible form only

<latexit sha1_base64="zDC+ffyGFSPCA6xvBbuNyLJrz8Y="></latexit>

uiuj = 2⌫tSij � 2
3k�ij

2D example:

The underlying assumption is that        or      behave more simply than  
<latexit sha1_base64="wbgW4LJCdAi7Ie5dh5DWv0b4aBs=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsyIr2XRjcsK9gHtMGTStI3NJEMeYhnmV9y4UMStP+LOvzHTzkJbDwQO59zDvTlRwqjSnvftlFZW19Y3ypuVre2d3T13v9pWwkhMWlgwIbsRUoRRTlqaaka6iSQojhjpRJOb3O88Eqmo4Pd6mpAgRiNOhxQjbaXQrcK+sH4eT01ITfiQhW7Nq3szwGXiF6QGCjRD96s/ENjEhGvMkFI930t0kCKpKWYkq/SNIgnCEzQiPUs5iokK0tntGTy2ygAOhbSPazhTfydSFCs1jSM7GSM9VoteLv7n9YweXgUp5YnRhOP5oqFhUAuYFwEHVBKs2dQShCW1t0I8RhJhbeuq2BL8xS8vk/Zp3b+on9+d1RrXRR1lcAiOwAnwwSVogFvQBC2AwRN4Bq/gzcmcF+fd+ZiPlpwicwD+wPn8AXWwlLw=</latexit>

uiuj
<latexit sha1_base64="5fFpOEZF0TtteZpvCrxOwGPCRgA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJ76qsh71qza27M5Bl4hWkBgWavepXt5+wLOYKmaTGdDw3xSCnGgWTfFLpZoanlI3ogHcsVTTmJshnx07IiVX6JEq0LYVkpv6eyGlszDgObWdMcWgWvan4n9fJMLoOcqHSDLli80VRJgkmZPo56QvNGcqxJZRpYW8lbEg1ZWjzqdgQvMWXl8njWd27rF/cn9caN0UcZTiCYzgFD66gAXfQBB8YCHiGV3hzlPPivDsf89aSU8wcwh84nz/urY7I</latexit>⌫t

<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`



• Boussinesq's hypothesis is that the turbulent stresses are related to the mean velocity gradients in a way 
that is similar to the way viscous stresses are related to the complete velocity gradients.

Mixing length and the log law

<latexit sha1_base64="sHlj+sD4M6Qq0lOlBWTETOBswdw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kon4WhbduKxgH9CEMJlO26GTSTpzUyih4MZfceNCEbf+hDv/xmmbhbYeuHDmnHuZe0+YCK7Bcb6tpeWV1bX1wkZxc2t7Z9fe26/rOFWU1WgsYtUMiWaCS1YDDoI1E8VIFArWCPu3E78xZErzWD7AKGF+RLqSdzglYKTAPvRkGgD22CDlQ+zpgYKsPzZvIQK75JSdKfAicXNSQjmqgf3ltWOaRkwCFUTrlusk4GdEAaeCjYteqllCaJ90WctQSSKm/Wx6wxifGKWNO7EyJQFP1d8TGYm0HkWh6YwI9PS8NxH/81opdK79jMskBSbp7KNOKjDEeBIIbnPFKIiRIYQqbnbFtEcUoWBiK5oQ3PmTF0n9rOxeli/uz0uVmzyOAjpCx+gUuegKVdAdqqIaougRPaNX9GY9WS/Wu/Uxa12y8pkD9AfW5w8XMZfT</latexit>
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Constant stress region:
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Log law:

<latexit sha1_base64="xnkzxAL006MvFRtN1//88TkTteA=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwVRLxtRGLblxWMG2hKeVmOmmHTpJhZiKUkM9x46+4EVGkW7/E6QPU1gMDh3PO5c49geBMaccZWYWl5ZXVteK6vbG5tb1T2t2rqySVhHok4YlsBqAoZzH1NNOcNoWkEAWcNoLB7dhvPFKpWBI/6KGg7Qh6MQsZAW2kTuk6y3wBUjPg2Muxn5gw/pGGeY6vsB9KIFna8TWkeeYPQAgwFsY27pTKTsWZAC8Sd0bKaIZap/TmdxOSRjTWhINSLdcRup2N9xFOc9tPFRVABtCjLUNjiKhqZ5NDc3xklC4OE2lerPFE/T2RQaTUMApMMgLdV/PeWPzPa6U6vGxnLBappjGZLgpTjnWCx63hLpOUaD40BIhk5q+Y9MG0ok23tinBnT95kdRPKu555ez+tFy9mdVRRAfoEB0jF12gKrpDNeQhgp7QC3pHH9az9Wp9WqNptGDNZvbRH1hf37tLplY=</latexit>

@U

@y
=

u⌧

y

<latexit sha1_base64="OUMOgTddwR3qRWUWc+03DiEDbTU=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0nEqseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0u9 WcuGlSqXs2bA60SvyBVKNAcVL76w5ikgkpDONa653uJCTKsDCOcztx+qmmCyQSPaM9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/r5ea6CbImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8rg3BX355lbQvav5Vrf5wWW3cFnGU4QRO4Rx8uIYG3EMTWkBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8wctDY2v</latexit>

} <latexit sha1_base64="THwlPHciWTX/bE7W4Ut6xNaiR7k=">AAAB/HicbVDLSsNAFJ3UV42vaJduBovgqiTiayMU3bisYB/QhDCZTtqhM5MwMxFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5QyqrTrfluVldW19Y3qpr21vbO75+wfdFSSSUzaOGGJ7EVIEUYFaWuqGemlkiAeMdKNxrdTv/tIpKKJeNB5SgKOhoLGFCNtpNCp+YSxkMNr6I9RmiKY2zB06m7DnQEuE68kdVCiFTpf/iDBGSdCY4aU6ntuqoMCSU0xIxPbzxRJER6jIekbKhAnKihmx0/gsVEGME6kKaHhTP09USCuVM4j08mRHqlFbyr+5/UzHV8FBRVpponA80VxxqBO4DQJOKCSYM1yQxCW1NwK8QhJhLXJyzYheIsvL5POacO7aJzfn9WbN2UcVXAIjsAJ8MAlaII70AJtgEEOnsEreLOerBfr3fqYt1ascqYG/sD6/AGuNpOB</latexit>

`m = y
Ludwig Prandtl



• Use the Boussinesq approximation to model the TKE equation in terms of q:

Example: k-e method 

<latexit sha1_base64="ga426Y1CliS/A2oXwDGfxIm6pGY="></latexit>
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Launder & Spalding (1974)

For high Reynolds numbers
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<latexit sha1_base64="2EgJQdq9HDU337B5TAEc54QsN/o=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqibF10YoduOygn1AE8NkOm2HTiZhHoUSunLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv994TxIxKZdvfVm5peWV1Lb9e2Njc2t4p7u41ZaQFJg0csUi0AyQJo5w0FFWMtGNBUBgw0gqGtdRvjYiQNOL3ahwTL0R9TnsUI2Ukv3jocu0reA1rvhtqOHyonLojJEgsKUv9kl22p4CLxMlICWSo+8UvtxthHRKuMENSdhw7Vl6ChKKYkUnB1ZLECA9Rn3QM5Sgk0kumb0zgsVG6sBcJU1zBqfp7IkGhlOMwMJ0hUgM576Xif15Hq96Vl1Aea0U4ni3qaQZVBNNMYJcKghUbG4KwoOZWiAdIIKxMcgUTgjP/8iJpVsrORfn87qxUvcniyIMDcAROgAMuQRXcgjpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8A8MyYLw==</latexit>
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Cµ = 0.09, C1 = 1.44, C2 = 1.92, �k = 1.00, �" = 1.3

For low Reynolds numbers (near the wall) some modifications are necessary to account for viscous effects

Brian Launder



Launder & Spalding (1974)

For low Reynolds numbers
(near the wall)
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Introduced to make constrain k near the wall 
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Example: k-e method 



• RANS models the dissipaLon using the isotropic results as a basis: 

Dissipation modeling
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RANS:

• The Richardson energy cascade: “Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”
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For high Reynolds numbers (large scale separation):

where q and L are the velocity and length scales characterisLc of the energy containing moLons

• Need the energy containing motions to be independent of the boundary conditions
• The flow must be in a state where the inertial region is fully established
• The e-equation is actually a length scale equation

Lewis Fry Richardson

Andrey Kolmogorov George Batchelor



Energy budget for k, Ret = 5200

0 = production + turbulent transport + viscous transport + pressure strain + pressure transport + dissipation
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Data from Lee & Moser (2015)
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0 = production + turbulent transport + viscous transport + pressure strain + pressure transport + dissipation
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Turbulence kineCc energy producCon

Smits et al. (2018)
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• Fast, stable, widely available commercially
• Industry standard design tool
• Ansys Fluent, OpenFOAM, SimFlow, Autodesk, FUN3D
• Many varieLes available, tuned to specific flows (e.g., airfoils)

• Spalart-Almares: transport equaLon for eddy viscosity (one-equaLon model tuned to airfoil flows)
• k-w: transport equaLons for k and                        -- beJer near the wall than 
• Menter Shear Stress Transport (SST): switches from k-w near the wall to k-e away from the wall to 

get the best of both worlds
• SSG-LRR: full Reynolds stress model using the Launder-Reece-Rodi pressure-strain model near the 

wall and the Speziale-Sarkar-Gatski model away from the wall
• Etc.

• No method is very good at predicLng separaLon on smoothly varying surfaces
• If there is defined separaLon point, then DES methods preferred
• ERCOFTAC, NASA, CFD Online, OpenFOAM, etc.
• Machine learning

Summary: RANS methods 

See also hMps://www.youtube.com/watch?v=AgvjPPzy64I&ab_channel=SteveBrunton



Example: RANS methods 

• RANS has been used on almost every flow imaginable
• SomeLmes it works, and someLmes it doesn’t
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Example: RANS methods 



• It is now obvious that fundamental studies of turbulence must be performed as a partnership 
between experiment and DNS

• Some questions can still only be answered by experiment

• Some questions can only be answered by DNS

• For canonical flows, DNS will very soon provide the necessary information for future 
understanding, instead of experiment

Summary
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• For canonical flows, DNS will very soon provide the necessary information for future 
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• Beyond canonical flows: 

• Subsonic: pressure gradient, curvature, divergence, sudden perturbations …

• High Mach number: heat transfer, chemistry, reacting flows
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• It is now obvious that fundamental studies of turbulence must be performed as a partnership 
between experiment and DNS

• Some questions can still only be answered by experiment

• Some questions can only be answered by DNS

• For canonical flows, DNS will very soon provide the necessary information for future 
understanding, instead of experiment

• Beyond canonical flows: 

• Subsonic: pressure gradient, curvature, divergence, sudden perturbations …

• High Mach number: supersonic and hypersonic flows, shock-wave boundary layer 
interactions….

Summary



Questions?


